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AN INTEGRAL SOLUI'ION TO THE FLAT-PLATE LAMINAR 
BOUNDARY-LAYER FLOW EXISTING INSIDE AND AFTER EXPANSION 
WAVES AND AFTER SHOCK WAVES MOVING INTO QUIESCENT FLUID 
WITH PARTICULAR APPLICATION TO THE 
COMPLETE SHOCK-TUBE FLOW 
By Robert L. Trimp i and Nathaniel B. Cohen 
A solut ion to the unsteady two-dimensional laminar boundary-layer 
flow inside centered expansion waves and behind both centered expansion 
waves and shock waves is obtained by utilizing an extension of the Karman-
Pohlhausen method. The Prandtl unsteady- boundary-layer equations are 
integrated normal to the surface bounding the flow and are transformed 
into a conical coordinate system. The resulting hyperbolic differential 
equat i ons are integrated in closed form for f l ow behind shock waves and 
by numerical methods for the flow inside or following expansion waves . 
An integral technique is applied at the discontinuities existing at the 
trailing edge of the expansion fan and at contact discontinuities ( entropy 
discontinuities) so that the characteristic solution may proceed across 
these discontinuities. 
The solution to the two-dimensional unsteady laminar boundary layer 
existing at all points in an air-air shock tube is obtained by this method. 
A much shorter approximate method of solution is devised and is found to 
agree favorably with this method . This approximate method is used to 
predict the flow in hydrogen-ai r and helium-air shock tubes. Plots of 
wall heat- transfer rate and skin friction in air- air, helium- air, and 
hydrogen- air shock tubes are presented . 
INTRODUCTION 
I mpetus to the study of time- dependent boundary layers has arisen 
because of the increased importance of the flows initiated along the 
ground and over buildings by the detonation of nuclear devices and of 
the air flow over missiles in hypersonic flight. The time-dependent 
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nature of the nuclear-shock-initiated flows is obvious; whereas hypersonic 
missile f light presents two less obvious problems, one of which is direct 
and the other , indirect. The direct problem arises because of the time-
wise variation of the differences between conditions of the outer potential 
flow at the edge of the boundary layer and of the missile skin as the mis -
sile encounters rapidl y varying ambient conditions during its flight. To 
date, because of the relative rapidity with which the fluid boundary layer 
is able to adjust to changes, the direct problem has been treated as a 
quasi - steady one ; that is, for given wall and local conditions at a time 
in a time - dependent flow, the boundary layer is equivalent to that in a 
steady flow for the same stream and wall conditions. The main apparent 
difficulty in this approach is the prediction and simulation of the cor-
rect wall conditions since they are in turn dependent on the time history 
of the boundary layer. 
The indirect problem arises from the use of shock tubes as a means 
of experimentally simulating the very high stagnation temperatures encoun-
tered in missile flight for purposes of obtaining data regarding heat 
transfer, skin friction, ionization, dissociation, and so forth. Correct 
interpretation of shock-tube test results requires a knowledge of the time-
dependent flow inherent therein . The perfect-fluid flow in a conventional 
(constant-area) shock tube is well known and is depicted in figure 1. At 
time t = 0+, the diaphragm which originally separated the high-pressure 
or driver gas (state E) from the low-pressure gas (state 00) is instan-
taneously destroyed and the resultant pressure inequality is adjusted by 
the mechanism of: (1) a centered expansion wave or expansion fan (that 
is, one which originates at a single point in distance and time) progressing 
,into region E and isentropically accelerating the fluid to state S 
f ollowing the wave; and (2) a shock wave progressing into region 00 and 
accelerating the fluid to state cr behind it. (See fig. l(c).) The 
r egions S and cr, composed of the fluid originally in regions E and 00, 
r e spectively, are separated theoretically by a contact surface (entropy 
discontinuity) across which pressure and velocity are constant and the 
temperature and density are generally different. Hypersonic simulation 
testing is usually done in region cr where the stagnation temperature is 
h i ghest. The pressure ratios across the expansion fan and shock wave are 
dependent only on the fluid in states E and 00. Detailed discussion on 
the theoretical performance of the conventional shock tube, as well as 
modifications such as increasing the area of the high-pressure chamber to 
increase the shock strength or adding a nozzle to obtain hypersonic flow, 
may be found in references 1 to 6 . 
However, experiments have shown that, instead of regions cr and S 
being regions of constant pressure and velocity as predicted by inviscid 
theory and as desired for testing, the outer inviscid flow in these regions 
is time dependent; and furthermore, it is found that the shock wave attenu-
ates as it progresses down the tube. (See refs. 2 and 6 t o 10.) These 
variations are attributable both to imperfect-gas effects and to boundary-
layer effects. Several investigations have been undertaken to predict the 
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magnitude of the wall shear and heat transfer. In addition, attenuation 
theories based on these wall effects have been advanced in references 6, 
7, 9, and 11. 
The laminar boundary-layer problems in r egion a behind the shock 
have been treated in references 6, 12, 13, and 14. Reference 6 first pre-
sented the solution to this flow by solving the boundary-layer problem, 
in a coordinate system fixed to the moving shock wave, of a semi-infinite 
treadmill (that is, the Blasius problem with nonzero wall velOCity). 
Solutions were obtained for the complete Prandtl boundary-layer equations 
on an analog computer and for the integrated momentum equation alone by 
simple computations (which, unfortunately, contained a numerical error). 
In references 12 and 13 the equations of reference 6 were solved to a 
higher degree of accuracy on a digital computer and, in addition, velocity 
and temperature profiles were determined. The momentum equation was also 
solved in closed form by an integral method by using a fourth-order series 
for the velocity profile. Another integral solution obtained by using 
the Rayleigh velocity profile for the momentum equation and then applying 
Crocco's relation between temperature and shear was used in reference 14. 
The wall shear and heat-transfer results of these references agree very 
well. 
The situation in regard to the laminar boundary layer for the flow 
inside the expansion fan and in region ~ has not been as favorable. 
Prior to the concurrent studies of the present report and the companion 
paper (ref. 15), the flow in these regions was handled by rather rough 
approximations. In reference 7, the expansion wave was assumed to be 
shrunk to zero thickness and region ~ was allowed to exist from the 
leading edge of the wave to the contact discontinuity. The unsteady 
boundary l ayer was then assumed to be equal to that of a steady flow 
which had the Same free - stream values of velocity, density, and viscosity, 
and which had traveled for the same time adjacent to a solid bounding sur-
face. References 11 and 13 also followed the procedure of shrinking the 
fan to zero width but computed the boundary layer from the modified Blasius 
(nonzero-wall-velocity) solutions. Both sol utions result in conditions 
physically unacceptable near the leading edge of the fan since they pre -
dict infinite wall shear and heat transfer at points where the velOCity 
and temperature potential approaches zero. It is also evident that serious 
errors are introduced away from the leading edge for expansion-fan pressure 
ratios not near unity because an appreciable region of varying pressure and 
velocity has been replaced by a region of constant properties. Thus a cor-
rect solution to the boundary-layer problem outside of region a is missing. 
The filling of this gap and the determination of the boundary layer 
throughout the shock tube by a common method was the primary purpose of 
the present report. Corner effects arising at the juncture of two walls 
or effects of opposite walls of the shock tube are neglected, and the 
boundary layer is treated as a two-dimensional unsteady flow over an 
infinite flat surface . The 1.illqualified term "shock tube" will be used 
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in the remainder of this report to designate a shock tube in which these 
effects are considered to be negligible. 
The theoretical investigation reported herein was conducted at the 
Langley gas dynamics laboratory . The time-dependent boundary-layer char-
acteristic system developed in this paper for conical potential flows 
(appropriate to shock tubes and nuclear shocks) is a special case of a 
general characteristic system applicable to the study of any time-
dependent laminar boundary-layer flow. 
a 
b 
c 
SYMBOLS 
coefficients in dimensionless velocity-profile power 
series 
speed of sound 
coefficients in dimensionless l ocal enthalpy-profile 
power series 
ratio of thicknesses of velocity boundary layer and 
l ocal enthalpy boundary layer in transformed 
6. plane) 
'V 
coefficients in dimensionless total enthalpy-profile 
power series 
constant of proportionality relating absolute viscosity 
_1-1 Tl __ (Tw)1/2 Tl + S to temper ature) 
1-11 T Tl Tw + S 
ratio of thicknesses of velocity boundary layer and 
total enthalpy boundary layer in transformed 
6. plane) Ei 
local skin-friction coefficient) 
local heat-transfer coefficient) 
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Cv 
D 
Dt 
H 
H* 
h 
h* 
.J 
. } 
5 
coefficient of specific heat at constant pressure 
coefficient of specific heat at constant volume 
particle time derivative, ~+ 
ot 
u ~+ v~ Ox oy 
funct ions of £ 
functions of ~,~ defined in equations (E9) 
functions of boundary-layer shape 
total enthalpy, 
2 
total enthalpy difference, H - Hw 
local enthalpy, loT cp(T) dT 
local enthalpy difference, h - hw 
i,j states on opposite sides of free - stream discontinuity 
k thermal conductivity 
L distance normal to wall, L» 5 
distance free - stream particle has traversed since 
acceleration from zero velocity by moving wave 
6 
M 
Npr 
n 
o 
p 
q 
R 
" R 
r 
S 
s 
T 
t 
u 
u* u - V* 
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Mach number 
Prandtl number, 
integer denoting exponent in profile power series or 
point in sol ution 
arbitrary l ocation of characteristic boundary condition 
l ocal pressure 
heat- transfer rate normal to free - stream direction, 
dT 
- k 
dy 
l ocal heat - transfer parameter , 
Reynolds number, 
rate of str eamwise growth of mixing region 
r ecovery factor 
Sutherland constant for Viscosity-temperature relation 
state at shock wave 
absolute temperature 
time 
velocity component along x- axis 
- -- -----
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V* 
v 
W= 
¢2 
vEt 
w 
X 
j y P Y = - dy o PE 
y 
z 
r 
7 
velocity of free-stream discontinuity in x- direction 
velocity component along y-axis 
state at wall or bounding surface 
coordinate parallel to surface bounding flow 
coordinate normal to surface bounding flow 
transformed normal coordinate for velocity profile, 
1: jY J:. dy 
f:::" 0 PE 
transformed normal coordinate for local entha lpy 
prof i le, 1 jY P - - dy 
\l 0 PE 
local enthalpy shape parameter, B2 
ratio of specific heats, 
cp 
Cv 
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lOR P 0 = - dy 
o PE 
° 
oR 
°h 
°u 
0* 
= f(l 
V* 
= f(l 
E 
y 
value of y at edge of boundary l ayer, l argest value 
of oR' 0h' or °u 
val ue of y at edge of total enthalpy boundary l ayer 
value of y at edge of l ocal enthalpy boundary l ayer 
value of y at edge of velocity boundary layer 
s l opes of pos itive and negative characteristics in 
~,t plane 
derivative along positive and negative character-
istics in "t plane, (~')t + (~:)± (~t), 
-- dy u~ P 
ul PE 
- -- dy h* j P 
hl* PE 
general reference state; f or shock- tube case denotes 
undisturbed high- pressure region 
constant free - stream regi on behind expans ion wave 
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v 
p 
T 
<I> = 1 ex> V(dU)2 ~ dy 
o dy P€ 
9 
ve l ocity shape parameter, - 2A2 
absolute viscosity 
kinematic viscosity, 
conical parameter, 
val ue of S at trailing edge of expansion wave 
value of S at entropy discontinuity 
values of S at limits of forward integration along 
characteristic lines for energy and momentum 
equations 
values of s at location of Z- shock 
density 
constant free - stream region behind shock wave 
11(~yU) shear stress, r-- 0 
local skin- friction parameter, 
TW 
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x i nterval in numerical integration procedure, Sn+l - Sn 
stream function 
total enthalpy shape parameter , C2 
transformed normal coordinate for total entha l py 
profile, - .£.... dy 1 jY 
o 0 P€ 
00 quiescent state into which shock wave advances 
1 l oca l f r ee - stream state 
Subscripts not specificall y designated otherwise denote evaluation 
at the appropriate state or l ocation. 
Super scripts or subscripts + or 
positive or negative x - dir ect i on. 
denote waves moving in the 
A bar under a symbol denotes nondimensionalization by appropriate 
quantity in reference state €; that is, 
THEORY 
p .£...., and so forth. 
P€ 
DERIVATION OF GENERAL FORM OF THE REDUCED HYPERBOLIC 
DIFFERENTIAL EQUATI ONS 
Discussion of Va l idity of Prandtl Boundary-Layer Equations 
Since all the theoretical equations employed to describe the boundary-
layer flow are based on the Prandtl boundary-layer assumptions, the valid-
ity of these assumption s must be considered further with regard to the 
unsteady expansion- wave and shock- wave flows to be treated in this paper . 
The point of origin of the wave (x = t = 0), representing, for example, 
the burst of a shock- tube diaphragm, is a singular point and must be 
excluded from the region of validity of the solution . 
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The boundary layer in the vicinity of the shock wave, since it repre-
sents a discontinuity in the outer flow, also may be considered from a 
coordinate system fixed to the wave itself (that is, the coordinate system 
of refs . 6, 12, and 14). The problem is then equivalent to that of the 
semi-infinite flat plate with a nonzero wall velocity in steady flow, the 
leading edge of the plate analogous to the shock in unsteady flow being 
a singularity. The Blasius- type solution for this problem is valid every-
where except very near this singularity. Thus, in the unsteady flow prob -
lem, the present solution, as well as those given in references 6 and 12, 
is valid everywhere except very near the shock wave. 
The ideal flow generated by centered expansion fans and shock waves 
is conical in a distance-time sense; that is, it is a function only of 
the ratio x/to Consequently, such flows are easily handled in a ~,t 
coordinate system where The accompanying sketch shows the 
significant values of s for the shock- tube flow of figure l(c). 
CD 
1 
\ 
o 
1 
x -----+ 
Three regions in the expansion fan must be investigated with regard 
to the validity of the Prandtl boundary-layer assumptions. The area near 
the leading edge of the expansion fan represents a region of low velocity 
that increases .from a value of zero at the leading edge (s = -1). This 
situation appears analogous to that in the region near a stagnation point 
in steady flow; the Prandtl boundary- layer equations are thus assumed, as 
has been found in steady flow, to give results that are valid near the 
leading edge of the expansion fan . For an expansion fan having a finite 
ratio of leading-edge pressure to trailing-edge pressure, across the trailing 
edge of the expansion fan there· is a discontinuity in the derivatives of 
the theoretical inviscid flow . At this point the theoretical inviscid- flow 
derivatives change discontinuously from a finite value ahead of the trailing 
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edge to a zero value behind the trai l ing edge although the theoretical 
inviscid flow itself is continuous. An analys i s of the one - dimensional 
time - dependent e quations of motion at such a discontinuity shows that the 
viscosity and thermal- conductivity terms are small compared with the 
inertia and energy terms; hence, l aminar diffusion is negligible. Con-
sequently, it will be assumed that, alt~ough the Prandtl boundary-layer 
e quations are invalid across such a discontinuity where the second deriva-
tives are nonexistent or i nfinite , the equations are valid on each side of 
the discont inuity. A matching procedure based on the conservation of momen-
tum and energy will then be used to bridge the trailing-edge discontinuity. 
Reference 16 has shown in regard t o slip flow that the discriminating 
parameter, the square of the l ocal Mach number divided by the local Reynolds 
number, i s r equired to be of the order of unity or l ower for the theor y of 
continuous viscous flow to be val id . I n the region of the fan where ~ 
appr oaches 2 pressure , density, and temperature approach values of , 
"I - 1 
zero ( see appendix A), slip-flow conditions are encountered, and the 
boundary- layer assumptions are viol ated . The approximate values (based 
on a perfect gas , "I = 1. 4 and aE = 1,117 ft/sec) of this parameter for 
various r at i os of trailing- edge pressure to leading-edge pressure Pte 
PE 
of 1 atmosphe r e and 70 atmospheres are given in the for values of PE 
following t abl e . 
ratio across t he 
Also shown are the values of ~ and of the pressure 
shock in an air-air shock tube corresponding to the 
Pte 
value of 
Pt e 
--
PE 
6 .25 X 10-4 
7.5 X 10-6 
~ 0 
~ 0 
1 
(M1 ::1) 
te Shock- pressure 
for val ues of PE of - ~ ratio 
atmospher e 70 atmospheres 
8.4 X 10-4 1. 2x 10-6 2·9 20 
1. 5 X 10- 3 2.1 X 10-5 3·9 30 
3·4 X 10-1 4.9 X 10- 3 4·7 40 
3·4 X 105 4.9 X 103 5- 44 
An inspection of the tabl e shows that, based on the criteria 
for slip flOW, the Slip-flow regime occupies only a limited region for 
extremely strong expansion waves. 
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Outline of Derivation ~rocedures 
Since the deve l opment of the characteristic differential equations 
governing the unsteady-flow boundary l ayer is rather lengthy, a br i ef 
outl i ne of the procedure followed will be presented before proceeding 
with the detailed development. The principal steps are as follows: 
(1) The Prandtl boundary-layer equations with velocity and both 
l ocal and stagnation enthalpy as dependent variables are integrated in 
the x ,y,t system from y = 0 to Y = 00 to obtain integral partial 
differential equations. These partial differential equations are then 
transformed t o a conical coordinate system s, y,t. 
( 2 ) The wall enthalpy i s assumed to be constant. 
(3) The velocity and enthalpy profiles are expressed as a power 
series in transformed normal ordinates ~, S, and m. Appropriate boundary 
condit i ons at the wall and free stream are applied to these series. The 
parameters ~, ~,and so forth are eval uated in terms of A, r, n, b, 
~ V 
c, and arbitrary constants . 
(4) Primary dependent variables Z, W, or Q are introduced and 
the derivatives of A, r, n, b, and c are evaluated. Substitution 
of these quantities into the partial differential equations results in 
pair s of characteristic equations for Z and W or Z and Q. 
Derivation of Reduced Partial Differential Equations 
The Prandtl boundary- layer equations for the two-dimens i onal time-
dependent motion of a fluid over a flat plate are integrated over y in 
the x,y,t system (coordinate system fixed to the surface of the plate) . 
The resulting partial differential equations obtained are then transformed 
to a conical coordinate system S,y,t. In this transformation .it is 
assumed that all the outer inviscid-flow functions are functions only of 
the conical parameter S =~. This assumption is valid for an analysis 
aEt 
of flows initiated by centered expansion waves or shock waves moving into 
quiescent fluid. 
The qual ification was a l so introduced in the determination of the 
final form of the equations that the nondimensional veloc ity and enthalpy 
profiles could be expressed as a Pohlhausen power series in a suitable 
variable which would be chosen to account for the density variation through 
the boundary layer . 
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The fol lowing equations are the resultant reduced partial differ-
ential equat i ons in the coni cal coor dinate system. (See appendixes B 
and C for detail s .) Because of t heir extreme l ength, they are written 
in abbreviated for m here and may be found in their entirety in appendix C 
(eqs . ( Cl l ), (C14), ( C15), and (c16)). 
ae2 ~ _ 1- 5*) + 2e2(~ d~l + . . .) o~ \( ~l e ~l d~ 5* t ae
2 
+-'---- == 
e ~l at 
VW(pw)2t :1) e 2 -- -- - t 
~l P€ do, w l::,. 
( 1) 
( 2) 
5* t ae2 
+---- == 
e ~l at 
VW(pw)2 ~d :1) e 2 -- -- - t 
~l P€ do, w l::,. 
(4 ) 
Equations (1) and (2) are the momentum and ener gy equations for ul' hl' 
e, and ¢ as dependent variabl es and equations (3) and (4 ) are for ul' 
Hl , e, and \j.r . 
ter A; \l* and 1" 
The terms 5* and 
e 
'V are functions of ¢ 
~ are functions only of the parame-
e 
0* g A, r , and b j and and are 
\j.r \j.r 
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functions of A, n, and 
(similar to Pohlhausen) , 
and C2 for the enthalpy 
c . It should be noted that, although 
r and n are defined as equivalent to 
power series . 
Assumption of Constant Wall Enthalpy 
15 
The first step toward the simplification of this system of Equations 
is concerned with the partial derivatives of hw or Hw with respect 
to ~ and t . If the solution is restricted to gas flows of short dura-
tion over solid boundaries having high values of conductivity and of heat
 
capacity per unit volume, it may be assumed that the wall temperature 
departs only slightl y from its initial value. (See ref. 13.) If this 
slight departure is neglected and the wall temperature is assumed to be 
constant, all derivatives of the wall enthalpy are zero and are eliminated
 
from the equations. This e l imination is employed to obtain a solution an
d, 
furthermore, for all cases except those in which an insulated wall was co
n-
sidered, it will be assumed that hw = Hw = ~. 
2 
Note should be taken of the fact that, as ~ approaches in I' - 1 
the fan, all derivatives with respect to ~ of 
approach zero; thus, there is the possibility in 
derivative of enthalpy would be significant. As 
the outer flow also 
this case that the wall 
2 
~ approaches -----, I' - 1 
however, the boundary condition of zero fluid velocity at the wall is 
also violated as the slip-flow region is encountered and, since the equa-
tions and boundary conditions themselves are no longer valid in this 
region, the lack of consideration of the wall enthalpy derivative is not 
considered to be significant. 
Introduction of Power- Series Profiles for 
Velocity and Enthalpy 
A transformation to a nondimensional " incompressible" ordinate normal 
to the surface is next introduced to eliminate the density terms arising 
in the integrals for 9 0*, ~, ~, and so forth. A power series in t:: t;.. \l \l 
this nondimensional ordinate is to be used to define the velocity and 
enthalpy profiles . Since boundary conditions applicable at infinity in 
the physical plane are to be applied at a finite distance in the trans-
formed (incompressible) plane, the assumption is made that at a finite 
distance 0 in the physical plane the boundary conditions at infinity 
also apply . This distance 0 is the conventional boundary-layer thick-
ness of either the velocity or enthalpy boundary layers. The nondimen-
sional ordinates for velOCity, local enthalpy, and total enthalpy are ~, 
~, and w which are defined by the following relations: 
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l ou p h. = - dy o P€ 
1 l Y p 13 = V 0 p€ dy 
( 6) 
(j) = ! 1 y -.e... dy l 
o 0 P€ 
[ 
I n equations ( 5) to (7) the values of 0 are not necessarily equal 
and, in fact , for the method of sol ution of this paper they are allowed 
to vary arbitraril y. An al ter nate procedure, often employed in steady 
flow, requires the various 0 values to be equal; such a procedure appears 
to be unduly restrictive and, consequently, is rejected. Thus in the pres-
ent analysis, the ratio of the 0 values is one of the results of the 
solution and not one of the boundary conditions enforced. Kalikhman 
(ref. 17) was one of the first to adopt this procedure for Ou and 0h. 
The expansion series for the various nondimensional profiles are now 
assumed to be represented adequately by either a five- or six-term series 
as shown in the following relations: 
u ( 8) 
= 
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The boundary conditions to be satisfied for the velocity profile are 
as follows: 
Five-term series: 
For a = 0, 
and for a = 1, 
U 
° 
1 
d~ 
ul 
--- ° do. 
Constant (zero except for one special case) 
For a = 0, 
op _ DUl 
- -
Pl-ox - Dt 
(11) 
( 12) 
( 13) 
(14 ) 
(16) 
18 
Si x- term series: 
For ex. = 0, 
and for ex. = 1, 
d3 ~ 
ul 
003 
For ex. = 0 , 
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u 1 - = 
ul 
(18) 
d~ 
ul 
-- = 0 (19) 
00 
d2 ~ 
ul 
0 (20) 
002 
= Constant (and l ater determined to be zero) ( 21) 
(22) 
Si milar boundary conditions are to be satisfied for the enthalpy 
profiles with appropriate ener gy equations in place of equat ions (16) 
and (22). The reason for the assumption of a constant value (which may 
be other than zero) for the highest derivative of veloCity or enthalpy 
at the outer edge of the boundary layer is discussed in the considera-
tion of the solution at the leading edge of the expansion fan. 
The system of equations (11) to (15) or (17) to (21) may be solved 
to yield all the A values in terms of A2 and the constant of equa-
tion (15) or (21) . (See appendix D.) The term A2 may, in turn, be 
expressed by an eval uation of equation (16) as follows: 
-------- - ----- --
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Dul l;yH;l ~ d~) do. d dcx, ul -Pl-= = Ul(dyt do. ~ dy ~ 0.=0 (23) Dt 
But 
do. !E- (24 ) -= 
dy D. p€ 
and 
PI-! 1 ( 25 ) -- = 
P~w 
(for a given value of x,t from the assumption of the Chapman- Rubesin 
viscosity- temperature relation (ref . 18). A combination of equations (23), 
(24), and (25) results in 
P€ Pl 1 ~l I-!E(b.)2 82 
= ----- - -
Pw Pw ~l Dt Ilw 8 v € 
(26) 
Evaluating the left- hand side of equation (26) by differentiating 
equation (8) and evaluating the right-hand side by substituting the rela-
tion for Dyl (eq. (c6)) and the definition of s yields 
Dt 
A similar procedure for evaluating the energy equations (eqs. (B4) 
and (B5)) at the wall yields: 
(28) 
,-----
I 
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( 29) 
The integrals required by the definitions of 
5* = 100 (1 - _~_\..e_ dy, and so forth are evaluated in appendix D and the 
o \ ul)PE 
various relations for the shape parameters are expressed in the following 
form: 
e 
- = 
5* 
~( A) 
6. 
- = 5*(A) 
6. 6. 
~ = ~A r b) \l \l ' , 
* o 
V'*(r) 
\l 
~A,n,c) 
0 * * 
- = ~n) o 0 
Transformation of Equations to Reduced Hyperbolic Form 
New dependent variables, Z, W, and Q, are now introduced in 
recognition of the fact that, in laminar-diffusion problems, the dif-
fusion distance (boundary- layer thickness) is proportional to the square 
root of the product of the kinematic viscosity and the time since dif-
fusion began. These primary dependent variables are defined as follows: 
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Z(s,t) 8
2 
=-
vEt 
(31a) 
W(S,t) ¢2 
VEt 
(31b) 
Q(S,t) 1jr2 
VEt 
(31c) 
Substitution of equations (31) into equations (1) to (4) results in 
the following sets of simultaneous equations: 
dZ( s 5*) -1--- +2Z 
ds ]J.1 8 
y - 1 l!12 ~11(d :1)2 00] 
b hl* 0 da 
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dZ ~ S 5*) -1- -- +2Z dS ~1 e 
~ d ~*[t(dA) _ S(dA)ll ~1 dA dt dS J 
+ 
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The partial derivatives of A, r, b, n, and c may be eliminated 
in the following manner : Equations (27), ( 28), and (29) may be expressed 
in the functional form: 
A(S,t) 
r(s,t) == 
n(S,t) 
2 
= EO ( s) (~) z( s, t) 
Elh(S) A12 (A) + E2h(S) A 
b2 ( S, t) 
ElH(S) A12(A) + E2H(S) A 
c2(s,t) 
(36a) 
(36c) 
where the E terms are functions of S alone, whereas the terms Al 
and 8 are functions of A 
f::, 
only . 
Since the derivatives are to be expressed in terms of the derivatives 
of the primary dependent variables, Z, W, and Q, another equation 
relating these quantities is required for each pair . The relevant equa-
t i ons are the identities 
Z 
- = 
W 
82 
Z VE t 
- - -
-
( 37b) 
Q 1jr2 
VEt 
L 
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Differentiation of equat i on (36a ) immediatel y gives the values for 
the partial derivatives of A: 
A l(dZ) 
gl Z dt 
S 
(38b ) 
and 
d ~ d loge ~ 
" !:;; D. gl = 1 + 2 - - = 1 + 2 ----
8 d" d loge " 
!:;; 
Differentiation of equations (36b ), (36c), (37a), and (37b) and 
solution of the resultant two simul taneous e quations employing the expres-
sions above for d" and d" give the f oll owing re l ations for the deriva-
dt ds 
tive s of r and b ( or n and c ). The equations are written for r 
and b but are a l so applicable for n and c by everywhere substituting 
the equivalent functional form of the H-system for that of the h- system 
(that is, n f or r, c f or b, 0* for V*, ElH for Elh, g2H 
for g2h' Z for Z, Q for W, and so for th). 
8 d l oge !:;; 
2 ----
d loge " 
( 40a) 
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( 40b) 
( 41a) 
i • 
b 1 (OW) b 1 (dZ/ 2" d 
- 2g2h W\~t + 2g2h gl Z at) \ + rb2 g3h a 
( 41b) 
where 
( 42) 
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(44) 
El imination of the derivatives of the secondary dependent variables pro-
duces the final f orm of the differential equations. 
For local enthalpy : 
19l L~ + 2 d l oge ~)J (~~\ ~ d loge 5*) : ~(~~) e + + 2 + 2 1+ 5* gl d l oge d loge 2 ~ 
S ~ _ hl * 1 17* '" ~ l 1 d l oge 5* ;0) d~ll e ~l - - d loge e - 2 -+ Z = d~ 5* ~l hl b 'V 5* gl d l oge A d l oge 
----~ -- -- -
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For total enthal py : 
+ 2 + 2 1~\ t (oZ) 
-d-l-o-g-e -,,-) gl \~t ~ + 
u 2 
5* l ~~ 
d
g1 ( 
-gl - ~ ~+ Hl - - Hl* - --1 2 e c 0 e e 2 -+ -- 2 + 2 d~ 1!1 u12 5* 
Hl - - 2 
1 d l oge 
5* l oge EO Vw~w )2 - d e e e (47 ) z :=: 2 - - Al 
gl d l oge 
" 
d loge ~ vE PE f::. 5* 
1 d loSe ta[A ~ 0 loge~) d loSe ~ 0 loge ~l ) 1 0 loSe *~ 0 loSe ~ 
- ---=- - g 1 - - - - + 2 - - - - 2 --- - - - ~g6 --- + 
gl d loge ~ (lc2 3H 0 loge c d loge A 0 loge A g2H 0 loge c H 0 loge (l 
t, ! ::: ~ ,:' '" : :: ~ . : ::: ~ · : :: ~ '" , ;;~)' :~ ~ 6- (48) 
where 
( 49) 
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d ~ ~l ( o loge *)_ d l oge rl 1] + l oge ¢ 1 d l oge ¢ A g5h = 2 V + - - g 1 d loge A g2h d loge r rb2 3h d loge b d loge A 
o l oge ~ ~ 0 l oge Ii. o loge Ii.) 
1 ¢ 2A V 2 V (50) l+ - gh + 
2g2h d l oge b rb2 3 d l oge r d l oge A 
EQuations (45) and (46 ) and eQuations (47) and (48) are sets of 
hyperbolic differential eQuations for which real characteristics exist. 
The slopes of the characteristic curves are given by the following 
expressions : 
d loge 
1 + 2 t (~~)- d log = ~ + 2 0*) 8 d l oge ~ S ul - gl -
- 5* d loge A 
(~~)+ g4ht ¢ 
g4hS ~l \7* g2h -
(52a) 
for the h- method; and 
(::) = 
g4Ht 
'" g4HS + ~l D* g2H -
(52b) 
for the H-method. 
L 
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The flow field in the ~,t plane is confined to the region 
~s (0 < t < 00) 
where the waves initiating the flow have velocities Us and us+ 
Subsequently, it will be shown that the boundary conditions are specified 
only along £ = £s- and £ = £s+; thus, integration along the character-
istic lines must originate at one or the other of these values of £. 
Furthermore, as the integration progresses, even though no boundary con-
dition is specified at t = 0 or 00, time must be increasing for the 
mathematical solution to be compatible with the physical one in that an 
event preceding another in time may influence the latter but not vice-
versa. Thus, the requirement 
5t = ~~~)5£ > 0 
determines the limiting value of £ at which (in the absence of dis-
continuities) the integration from £ = £s- or £ = £s+ must stop. If 
this limiting value of £ is denoted by £*, 5t (from eqs. (51) and (52a) 
5£ 
or (52b)) changes sign at values of £* given by 
9 ( d loge ~*)-l 
~l -5*- gl \1 + 2 -d - l-o-g-
e
---:-,,-
or 
( 54b) 
r-
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These values also denote the vanishing of the coefficient of the 
OZ oW 
term -- or in the differential equations. Singular behavior of Os Os 
the solution of a differential equation at any point where the coeffi-
cient of the l eading derivative in the differential equation vanishes 
is a common mathematical phenomenon . 
METHOD OF SOLUTI ON FOR THE REDUCED HYPERBOLIC 
DIFFERENTI AL EQUATIONS 
Statement of Problem 
The solution of the unsteady boundary-layer equations has been 
reduced to the problem outlined below. (The h-system alone will be dis-
cussed, since the H- system is in general similar to it . Where major dif-
ferences between the two systems arise, these will be noted.) 
I f the following five equations are given: 
( 1) First differential equation for 
( 2) Second di·fferential equation 
( 3) A = r{s, z( s , t )] (eq . (36a)) 
(4 ) r = r(A,b,s) (eq . (36b) ) 
(5) Z(s,t) 
W(s,t) 
~r,b,A ) (eq . (37a)) 
W 
for 
Z (eq. (45) ) 
W (eq. (46)) 
determine the five dependent variables Z, W, A, r, and b. The 
solutions to this set of equations with appropriate boundary conditions 
for the cases of constant free - stream flow and of a free-stream flow 
varying in a manner prescribed by a centered expansion wave are treated 
in subsequent sections. 
Method for Centered Expansion Fan 
Solution of the problem at the leading edge. - The determination of 
the critical values of A and Z at the leading edge of the expansion 
fan (s = - 1) may be achieved by consideration of only two (eqs. (36a) 
and (45)) of the five equations listed previously. The elimination of 
the other equations arises from the fact that, at S = -1, the flow is 
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essentially incompressible (Ml approaches 0); thus, the momentum equa -
tion is divorced from t he energy equation. 
Consider first the equation f or A with EO expressed in terms 
of ~ by using the f act t hat Tw = T€ and ~w = ~€: 
31-1 
1 + 1 1-1 
A= Z 2 (~t ( 55 ) 1 + S f - 1 
--~ 
2 
If the boundary condition is stipulated that A be finite at S = -1, 
it is evident from equation (55) that the foll owing relations must hold at 
S = -1: 
Z( - l,t) = 0 (56a) 
since ~(l + s) = 0 
ot and denotes the characteristic derivative; 
that is, 
Now the momentum equation at S = - 1 reduces to 
( d loge ~'(5Z) [1 dYl 1 d loge _5; (d loge 
:1 \ + 2 -d-l-O-g-e- A- ) 5s _ + 2 ~l d~ - gl -d-l-O-g-e--=-A- \d loge 
8 8 
2Al - -
,6. 5* 
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s ince the r atio 
Equation ( 58) may be r e duced through further l imit i ng and combini ng 
processes to 
~~ + 2 d l oge 0*) (oz) :* ( ~ OZ dgl Os _ 2s d l oge Z A (o,) _ + 2 d, (::1) -gl d l oge + gl d l oge 1 + s 
3r ; 1 Z j
8 8 ( 59 ) 
r - 1 2Al --f:::,. 0* 1 - 2 S 
or 
~ d l oge :~(~~t + 2(~~t - d l oge 0* 1:...1+ 2 2 e~oz) 8 8 == 2Al :6. 0* g l d l oge gl d l oge " os _ 
and finally to 
2Al - -(8)2 f:::,. f:::,. 0* ( 60) 
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(~~)-Equating the values of u s 
yields 
or 
33 
at s = - 1 from equations (56b ) and (60) 
2 6 A = - Al -3 0* 
( 61) 
The initial value of A at S = -1 for all t must satisfy equation (61) 
regardless of the values of r and b . 
If a five - term velocity profile is assumed, substitution of the 
5* 
values of Al and in terms of A into equation (61) determines 
the equality 
A2 
-+ 
120 
6 
For A to be real, the value of 
o ( 62) 
" (d2 ~) 
( u ) _ ul must be such that u 1 a;::: 1 - do. 2 a;::: 1 
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or 
(63a) 
The minimum absolute value for ~ (-UU1 ) " 
is found (by using the equal 
s ign in eq. ( 63a)) to be - 0 . 647 . A minimum value is desired since the 
velocity should approach the stream velocity asymptotically at the edge 
of the boundary layer. When this value of (J:!...)" is used with equa-ul a.=l 
tion (62), the start ing value of A is f ound to be 12 . 3 . 
If this sequence i s duplicated for the six- term velocity profile, 
the corTespondi ng equat i ons are : 
or 
[~ + ~(~)"l A + ~[10 - ~(~)1I1 6 240 \Ul J 6 6 Ul 
4 flO 1 (.u )"'l ~ 0 
1, 440 l -6 \ u 1 J 
> 0 
o ( 64) 
The minimum value is 
is 20 . 
f-uU
l
) 111 __ \ 0 , and the corresponding value for A 
When the ener gy equation was conSidered, the following equalities 
were employed at the l eading edge : 
(a) For the characteristic s l opes (see eqs. (51) and (52a)): 
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(b) For the characteristic derivatives: 
(c) For the Z-derivatives: 
since (Oz) is zero. 
ot ~==-l 
Since 
Z (¢ l)2 
W ~ (zf\q b 
t 
~ 
35 
(66) 
( 67b ) 
(eq. (37a)) and Z == 0, it is necessary for W = 0 to keep b finite. 
The assumption of a finite b is a physically plausible restriction 
since it implies a finite ratio of the thermal thickness to the velocity 
thickness in the physical plane . The dominant terms in the energy equa-
tion at ~ == -l are: 
r-
1 d l oge EO 
gl d l oge S 
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V* d l oge -
~------'¢"- + 
d loge " 
( 68) 
Substitution of the values already known at s = 
L 'Hospitalts rule yields 
-1 and employment of 
l' oW 2 'f' 'V 1 ~ ) ~rl.)2 B s~~ Os + = 3" V Y'* Npr 
But 
and 
lim (_OZ) = ,, (~)2 = ~ Al(~)2 ~ s~-l Os _ ~ 3 ~ 0* 
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Furthermor e, in the limit ~ ~ - 1, equation (28) reduces to 
Combination of the preceding four equations gives 
This equation is identical in form to equation (61), 
since the relations between 
replaced by A2. 
'V 
'V* 
and 6. 
5* 
are identical when r is 
Therefore, the initial solutions for the energy equat ion are identical 
to those for the momentum equation when A2 is replaced by r; that is, 
For five - t erm series : 
" = -2A2 = 12. 3 
( 73) 
r = B2 = - 6 .1 
For six- term series : 
" = 20 
(74) 
r = - 10 
From equation ( 71) it is evident that the initial value of b i s equal 
to the square r oot of the Prandtl number for all cases. 
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A like treatment of the total enthalpy method would result in initial 
values of n = r and b = c . Thi s result is expected because, at S = -1, 
Ml = 0; thus , 
Solution inside the eXJ2ansion wave .- It has been proven that Z, W, 
A, r, and b are constant at S - 1 for all values of t; that is, 
(~~) s=-l = 0 and (dW) - 0 dt s=-l - . A solution having these same properties 
of invariance with t at constant S will be employed for the flow away 
from the l eading edge . Justification for this assumption is based on the 
similarity found in the compl ete Prandtl boundary- layer equations derived 
in appendi x E. (See also ref . 15.) I n the following paragraphs, it will 
be shown that, since the oute~ inviscid flow is a f unction only of S, 
then the boundary-layer profil e form factors A, r, and b, as well as 
the primary dependent variables, Z and W, are functions only of the 
conical parameter S. 
Fir st, consider any unsteady two -dimensional compressible flow over 
a f l at surf ace such that the outer potential flow is conical in the sense 
that it is a function only of the conical coordinate x S = 
a€t' Ifa 
dimensionl ess parameter is defined as ~ = 
Vv€t 
and the Prandtl 
boundary-layer equations are transformed from the x,y,t system to the 
s,~ , t system, the fo l lowing resul ts are obtained. (This transformation is 
carried out in appendix E. ) Both the boundary-layer differential equa-
tions (eqs. (El l ) and ( E12)) and the boundary conditions (eq. (E13)) 
become explicitly independent of the time t provided that the wall 
temperature is a function of S only. Consequently, the solutions to 
the differ ential equations must also be independent of t in the s,~,t 
system; the parameters S and ~ are similarity parameters; and the 
solutions may be classed as similar . The velocity and static enthalpy 
profiles are then functions of only S and ~: 
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h ~S,T),t) 
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A combination of these two equ~tions shows the stagnation enthalpy profile
 
to be also of the same type; that is, 
Consider the velocity profile of the integral method (eq. 8) which may 
be written in the functional form: 
(78) 
The ~ variable is eliminated from equation (78) by expressing ~ as 
a function of T) and 6. (The required expression is an immediate con-
sequence of the definitions of ~ and T).) Equation (78) then reduces 
to 
Equation (36a) is of the functional form: 
Substitution of equation (79 ) into the velocity-profile equation (78a) 
yields 
( 80) 
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According to equation (80), the velocity profiles of the integral 
method are functions of £, ~,and A, whereas equation (75) shows the 
exact profile to be a function of only S and ~. Consequently, in 
order to make the integral-method differential equations compatible with 
the exact differential equations, the boundary-layer profiles applicable 
to both sets of equations must exhibit the same similarity in respect 
to s and ~. Thus, it is necessary that 
Finally, s ince A 
of x and t (or S 
essary that A I A(~). 
and 
is the velocity form factor at an arbitrary value 
and t ) and is independent of y, it is then nec-
Consequently, the following conclusion is reached: 
( 81) 
Since all the terms of equation (81) except the last one are known to 
be functions of S alone, it follows that the last term must also be a 
f unction of S only; that is, 
82 Z = z( s) -- -
vE t 
(:~), = 0 ( 82) 
(::)t dZ (::t -= ds 
In an analogous manner it may be shown that W = W(s), r = r(s), 
and b = b(s) for the integral-method differential equation to exhibit 
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the same type ::es::::::::Ye::l:::~om(~~): :i(~~):n:i(~~)~U:t(~:), " Consequently, 
(
Ob) = 0 is justified for the conical expansion-fan flow region. Silli-
ot ~ 
larly, it may be shown that the stagnation enthalpy variables Q, n, 
and c are functions only of the conical coordinate ~. 
Whether to employ five- or six-term power-series profiles and whether 
to use static or stagnation enthalpy methods was next determined. The 
reasoning leading to the conclusion to use the six-term profiles with 
the static enthalpy as a variable was as follows: Use of a five-term 
profile necessitates the specification of (..£..)" 
ul a;::l 
and (h*)" 
hl* )3=1 
as 
negative at the edge of the boundary layer in order to satisfy the initial 
conditions. Any profiles resulting therefrom, regardless of the variation 
of the outer flow, must be limited unduly by the restriction: 
lim ~ < 1.0 
Clr-)l ul 
Consequently, the five-term profiles were eliminated for use inside the 
expansion wave. Numerical integration of any differential equation is 
difficult when the integrand becomes improper. In the integral method, 
nondimensionalization was accomplished through division by ul' hl*' 
or Hl*. Consequently, when these quantities become zero, the integrand 
becomes improper. In the expansion fan, these singular points occur at 
the following locations: 
At ~ = -1 
' . ' 
,-
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At s = -1 
and at S ±l 
The singularities at S = -1 may be easily handled analytically. 
(See previous section.) However, the singularity in Hl* at s = 1 
would occur in the middle of a numerical or graphical procedure and would 
present a possible source of difficulty. For this reason, the static 
enthalpy system was chosen for the solution in spite of the fact that the 
stagnation enthalpy method has been more gener ally used in steady flow. 
Although a graphical- isocline technique could have been empl oyed, 
the following numerical method appeared to be more advantageous in regard 
oZ and oW to both time and accuracy. First, two additional variables Os Os 
were introduced and the required two auxiliary equations were obtained 
by assuming a Taylor expansion for Z or W in the neighborhood of the 
point Sn; that is, 
I X2 '7" Zn±l = Zn ± XZu + L.JU 2 
X3 X4 ° x5 ± - Zu"I + _ ZulV ± -- ZuV + 
6 24 120 
( 83) 
where the plus and minus signs indicate values ahead of or behind the 
nth point, X is the interval between adjacent pOints, and the super-
scripts on the Z terms express total derivatives with respect to So 
Differentiating equation ( 83) with respect to s yields 
~l , "X
2 
'I' x3 lOV x4 v x5 Vlo 
Zn ± XZu + 2 Zu ±"6 Zn + 24 Zu ± 120 Zu + ... ( 84) 
Multiplication of equation (84) (pos itive signs) by X 
2 
and subtracting 
the result from equation ( 83) (positive signs) give an equation applicable 
to the starting problem (that is, when the values are known only at one 
previous point): 
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, 2 ( ) ' X 
2 
'7_ '" zn+l = X Zn+l - Zn - Zn + 6 '--'Il +... 
Subtraction of equation (83) (alternating signs) from equation (83) 
(positive signs) and addition of equation ( 84 ) (positive signs) to equa-
tion ( 84) ( al ternating signs ) yield 
1 3 1 5 v Zn+l - Zn-l = 2XZn ' + - X Zn "' + - X Zn + 3 60 
( 86) 
The term Zn '" may be eliminated from equations (86) and ( 87 ) to yie l d 
which is applicable when the values are known at two previous points. 
Equation (88) is a form of Milne ' s equation (ref. 19) but has been 
derived in a different manner to show its natural compatibility with and 
extension to equation (85) . Equation (85) (and its W counterpart), the 
third derivative being neglected, was employed to evaluate the first point 
away fr om the leading edge of the fan and thereafter equation (88), the 
fifth derivative being neglected, was used . 
The best sequence of computational steps found for obtaining the 
sol ution at the n + 1 point from the nth point was determined to be : 
(1) Estimate An+l = An + XAn'j An' obtained from equat i on (38a) 
( 2) Solve equation (27) for Zn+l 
L ___ _ 
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(3) Solve equation (85) or (88) for Zh+l = (OZ) o~ n+l 
(4) Solve equation (45) for bn+l by trial and error until the 
val ue of (OZ) obtained equal s that obtained in step 3 
5~ n+l 
(5) Compute Wn+l from equation ( 37a) 
(6) Solve equation corresponding to equat ion (85) or (88) for 
, (5W~ Wn+l =  ~ n+l 
( 7) Solve equation (46) for 
( 8) Compare values of (OW) from steps 6 and 7 and repeat pro-
5 ~ n+l 
cedure with new value of An+l until the two values of (OW) 5i" n+l 
are in agreement. 
Values of the interval X were selected as follows: 
X = 0.02 
X = 0.04 
X = 0.10 
The smaller values of X were used near 
strong curvature of the functions A, b, and 
These functions all had infinite slopes at ~ 
that dA ~ (1 + ~) - 1/2 in the region where ~ 
d~ 
= 
( - 1 ~ ~ < -0. 90) 
(-0. 88 ~ ~ < -0.80) 
~ = -1 because of the 
r when plotted against 
- 1 (it may be shown 
approaches -1. 0) whereas 
and W had finite slopes with small second derivatives. 
~ . 
Z 
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Methods for Regions of Constant 
Outer Inviscid Fl ow 
Simplification of the reduced hyperbolic differential equations for 
special case of constant outer flow.- Th~ general reduced hyperbolic dif-
ferential equations of motion and energy in the conical s,t coordinate 
system are greatly simplified for regions of constant free- stream velocity, 
pressure, density, viscosity, and so f orth . 
Equations ( 36a), ( 36b ), (37a), ( 45), and (46) represent the final 
form of the most general set of equations in s,t coordinates in terms 
of l ocal enthalpy; corresponding stagnation enthalpy equations are (36a), 
(36c), (37b), ( 47), and ( 48). For the special case of constant outer 
flow these equations may be writ ten in the following form: 
For local enthalpy : 
A = 0 ( 89a) 
( 89b) 
z (90) 
- = 
w 
(91) 
( ¢ g4h ~ (dW) g4h (dW) ~ - g4h)~r(dZ) - t(dZ) J +w ~l \7* - g2h S Os t + g2h t ot S - g2h Z Os t ot s 
vw~wr ~ ~~l _ r - 1 2 hE f C5)2 ~] (92) = 2 - - ul v E P E 'V \7* NPr b - hl* 
r-
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For stagnation enthalpy: 
f., =: 0 ( 93a) 
( 93b) 
z 
- =: 
Q 
( 94 ) 
( ~() () 2 e oZ oZ Vw Pw e e '11 - - s - + t - + Z =: 2 - (- ) Al - -5* \ os dt v P D.5* 
t SEE 
( 95) 
The following addi tional relations stem from the requirement that 
all free - stream quantities are constant and have been incorporated in 
the preceding equations : 
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The momentum differential equations (91) and (95) in both systems 
are identical and are independent of the corresponding energy differential 
equations for the case of constant outer flow. In subsequent derivations 
for this case, the equations in terms of local and stagnation enthalpy 
will be carried Simultaneously. 
The slopes of the 
For equations (91) and 
For equation (92): 
For equation (96): 
characteristic curves are: 
(95) : 
(~:)- t e S ~l 5* 
t 
1jr g2H 
~l - -- - s 
0 * g4H 
(99) 
(100) 
If the characteristic derivative notation of equation (57) is used, the 
differential equation (91) or (95) may be rewritten to yield 
2 
2 ~(~) Al ~ ~ 
e 
gl 5* - s 
= (101) 
Since A, e and e as well as the free- stream flow quantities are 
"2 5* 
all constant) 
line of slope 
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at S = So is applied, the result is 
z - Zo VW~pW)2 8 8 S - So = 2 - - Al A s::.* ----- + Zo 
v€ P€ Wu 8 
u l - - s 
- 5* 0 
So - S 
8 
u l - - So 
- 5* 
(102) 
As yet, no restrictions have been made regarding the dependence of Z 
upon t. Thus, in theory, Zo may be a function of t, and the energy 
e quations may be developed accordingly. However, since the constant-
outer-flow case is only a special case of the general conical-flow case 
discussed previously, the same arguments may be applied t o show that Z, 
W, Q, A, r, 0, b, and c are functions only of s. This restriction 
i mmediately limits ZQ, WO, and Qo to constant values. 
It should be noted that, although the time dependency has been elimi-
nated in direct form from the equations of motion and energy, it is still 
present implicitly in Z, W, and Q. These equations still possess char-
acteristics and integration must proceed along the characteristic lines 
g iven by equations ( 98) to (100). 
In line with these arguments, equation (102) is differentiated 
directly; this differentiation yields 
Constant (103) 
8 ~l 5* So 
After equations (89b), (90), (102), and (103) are substituted into equa-
tion ( 92) and the terms are transposed, the following differential equa-
tion f or local enthalpy results: 
(104) 
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Similar manipulations lead to the equation in terms of stagnation enthalpy 
from equation (96): 
Equations (104) and (105) represent the alternate forms of the energy 
equations and, in general, must be solved by either a graphical-isocline 
or a numerical step-by-step procedure in conjunction with equations (102) 
and either (89b) and (90) or (93b) and (94). 
Analytic solution for flows generated by waves of zero thickness.-
The boundary layer behind zero-thickness waves advancing into a fluid at 
rest permits the introduction of the relations Zo = Wo = QO = 0 at the 
wave location (~O = ~s) in the preceding set of equations. The familiar 
shock wave of the shock-tube flow is such a wave. Another is the mathe-
matical model of a "negative shock" which is defined as an isentropic 
expansion wave having finite pressure ratio and zero thickness, traveling 
with the speed of sound of the undisturbed fluid, and generating a flow 
behind it otherwise identical to that generated by an expansion wave of 
finite thickness and identical isentropic pressure ratio. Hereafter in 
this report, the unqualified use of the word "Shock" or "shock wave" in 
reference to a potential-flow discontinuity will designate a shock wave 
satisfying the Rankine-Hugoniot equations. Solutions to the complete 
Prandtl boundary-layer equations for the shock may be found in refer-
ences 6 and 12 and for the negative shock in reference 13. In these 
solutions the velOCity and temperature profiles are similar everywhere in 
the region of flow (that is, the profiles change shape only by a stretching 
factor normal to the wall as time increases). The integral-solution coun-
terpart to such a similarity throughout the field of flow is represented by 
the constancy of A, r, n, b, and c everywhere in the field. 
The conditions Zo = Wo = Qo = 0 at ~O = ~s transform equa-
tions (102), (104), and (105) into the following equations: 
VW(PW)2 8 8 Z = 2 - - Al 
v€ P€ /:::,. 5* 8 
u l - - ~s 
- 5* 
(106) 
(107) 
1-
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(108) 
If the conditions of constancy of A, r, n, b, and c are now 
8 0* rI. Y'* _1jI and 0* imposed, - -- E -- must be constant . It must then 6.' 6. ' V' V ' 0' 0 
follow f r om equations (90 ) and (94) that 
Z (~t b2 Constant 
- == == 
W m2 
(109a) 
~ Z _ c2 
- == 
6. == Constant 
Q (~r 
(109b) 
Since Z i s a l inear function of £, the terms W and Q must also be 
linear functions of £, and their derivatives with respect to £ are 
constant . Equations (107 ) and (108) indicate, however, that thederiv-
atives of W and Q are functions of £ unless the second terms on 
the r i ght - hand s i de of the equations are identically zero . Equating 
these terms to zero in order to satisfy the similarity relationship 
produces 
¢ 
- = 
V 
£s Y'* 
-- -- + 
~l V l l(d u:)2 dul (~ _ ~ 0*) o \ do. 6. ~l 6. (110) 
(111) 
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Equation (110) must be solved simultaneously with those for ~ 
'V 
(eqs. (D15) and (D16)), 'V* (eqs. (D9) and (D10)), and r (eq. (89b)) 
'V 
51 
to determine the values of r and b that would be required to make W 
linear. (Similar relations apply for eq .. (111).) Elimination of the 
terms in the braces reduces equations (107) and (108) to 
e e 
!:::.. 5* 
(112) 
(113) 
The terms W and Q then may be evaluated either directly from equa-
tions (109a) and (109b) or by application of the linear relation between 
these parameters and £; that is, 
Solutions to these equations may be found for any arbitrary specifi-
cation of free-stream and wall conditions behind any free-stream flow 
discontinuity moving into a fluid at rest. The shock and negative shock 
are special cases of this general case in that the free-stream cnn-
ditions are specified by the conservation laws. 
, 
~ 
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Solutions for the Boundary-Layer Parameters Across 
Discontinuities in the Force-Stream Flow 
Assumption of finite discontinuities to replace mixing regions.-
In the free-stream flow generated by traveling shock or expansion waves 
moving into quiescent fluid, there are two general types of discontinuities 
which will be classified as either strong or weak. The strong discon-
tinuity arises from a jump in any of the flow quantities such as velocity, 
temperature, density, or pressure. The shock itself and a contact surface 
(entropy discontinuity) are of this type. The weak type indicates a dis-
continuity in the first derivatives of a free-stream flow variable. The 
flows at the leading and trailing edge of any finite expansion wave exhibit 
this type of singularity in that the derivatives change discontinuously 
from a nonzero value inside the wave to a zero value outside of it. 
In the following paragraphs, equations giving approximate "matching" 
solutions to the integrated conservation equations for the case of the 
weak discontinuity at the trailing edge of the expansion fan and for the 
case of the strong entropy discontinuity are presented. (The cases of 
the shock or expansion-fan leading edge are trivial.) It is to be noted 
that a line (zero-thickness) discontinuity is employed in both cases. 
Although the entropy discontinuity actually becomes a strong entropy 
gradient either because of laminar diffusion, in which case the width 
of the gradient zone grows parabolically with time (ref. 20), or because 
of turbulent mixing, this growth is ignored for the sake of simplicity 
since any growth that is nonlinear in time would eliminate the conical 
symmetry of the problem. The behavior of the adjusting region for the 
boundary layer at the trailing edge probably also would be parabolic in 
t ime , but this fact has not been proven to date. The solutions obtained 
under these zero-thickness assumptions would be only approximate but 
should give fairly good indications of the correct boundary-layer behavior 
in r egions not immediately adjacent to the discontinuities. 
Matching equations for trailing edge of expansion fan.- The equa-
tions representing the conservation of mass, momentum, and energy entering 
and leaving the discontinuity over the range of y from zero to L(L» 5) 
are derived in appendix F (eqs. (F8), (F9), and (FlO)). The states i 
and j represent states on opposite sides of the discontinuity. Since 
in this case there is only a discontinuity in the derivative, ui = Uj; 
Pi = P j; Pi = P j; and hi = h j ; and the equations take the form: 
(114a) 
- - - --- -----
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(114b) 
(1l4c ) 
These equations may be rearranged to give 
( l15a) 
1 + (1 -~*) ~5e*)j -o -V* r hI * ("* ! {) ) 
8i ul hl 'V b 8 . J 
- :: 
8j ~ - ~:*)(5e*)i - (1 _ V*)2 hl*("* !c ~) 1 + ul hl 'V b 8 . 
1 
(1l5b) 
(1l5c ) 
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If i is the state inside the expansion fan) all the parameters 
of state i may be assumed to be known from the solution obtained by 
integrating from S = -1 to that point (Ste < Sz* being assumed). The 
velocity of the discontinuity must coincide with the trailing edge; that 
is) V* = (u - a)i. In addition) since at j all free-stream derivatives 
are zero) Aj = O. 
Consequently) the problem becomes one of satisfying the three simul-
taneous equations (115) of the form :~ = f(bj)rj) and equation (28) in 
J 
the form rj = rj(bj). This system is equivalent to three equations of 
the form Si f(bj). Such a system with only the two unknowns Si and ._= Sj Sj 
bj is redundant and solutions would not in general be expected to exist. 
In an effort to satisfy the basic equations of mass) momentum) and 
"-
energy) another unknown variable R was introduced. The assumption was 
made that) instead of the line discontinuity) the regions i and j 
would be separated by a mixing region of thickness equal to the product 
of time and ft; ft by definition is equal to the difference between the 
leading- and trailing-edge velocities of the mixing region. In this 
manner) the conical symmetry was retained and a finite mixing region was 
permitted. In addition) storage of mass) momentum) and energy as well 
a s heat-transfer and wall- shear effects was permitted inside this zone. 
Evaluation of these influences was on the basis that the values in the 
zone were assumed to be equal to the average of the values at the extrem-
ities of the zone. The three simultaneous equations in the form 
S· (A ) A S~ = f R)b j were then solved . However) values of R so obtained 
J 
located the mlxlng zone as extending from a point inside the expansion 
fan back to the trailing edge. Such a solution is not acceptable since 
it was assumed that Aj = O. This solution may be interpreted as an 
indication that the physical boundary layer is influenced upstream of 
the trailing edge) since the propagation velocity for the disturbances 
is higher in the boundary layer than in the free stream. (That is) 
l - aEi> \Ul - all ·) In other words) pressure pulses would travel faster 
in the boundary layer; thus) it is logical to expect some type of dis-
turbance inside the boundary l ayer ahead of the potential-flow trailing 
edge . 
Finally) in order to obtain a usable approximation) the momentum 
and energy equations (115b) and (115c) were solved simultaneously whereas 
l 
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the continuity equation (115a) was ignored except to provide a check on 
the magnitude of the error introduced. Such a procedure has been employed 
successfully for the momentum and continuity equations since Von K~anrs 
early work on transition, in which it was assumed that at the transition 
point the laminar and turbulent momentum thicknesses were equal, conti-
nuity being disregarded entirely (ref. 21). Comparison of the values of 
9' 9· ~, obtained by simultaneous solution for bj and ~ of equations (115b) 
9"j 9 j 
and (115c), with that obtained from the continuity equation (using the 
solution for bj) showed a maximum discrepancy under 2 percent. Thus, 
the neglect of the continuity equation does not appear to be significant 
in this case. 
Matching equations for contact surface or entropy discontinuity.-
The case of a strong discontinuity bounded on both sides by constant 
free-stream flow regions of the same fluid will be considered. The dis-
continuity propagates with a velocity V* = ui = Uj and, in addition, 
p. = p., and A. = A. = O. Under these conditions, the matching equa-
l J 1 J 
tions (eqs. (F8), (F9), and (FlO)) reduce to 
h·* h· 
_J __ J_ ¢j 
hj u.2 
J 
h· h·* h· 1 2. 9 i + _ 1 _ 0'* - ~ ~ "1.* + -2 ~li = 2 u 2 1 hi u. 2 1 
3 
- - 9· 
2 J 
i 1 
h· 
+ _ J_ 0.* 
2 J 
u j 
h·* h· 
__ J __ J_ "1.* + 
hj u. 2 J 
J 
1 
- 6·1. 2 J J 
(116) 
(117) 
(118) 
Solution of the continuity and momentum equations (116) and (117) 
immediately gives 
I 
I 
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Since Ai = Aj = 0, the following relations must also hold: 
Substitution of these equalities into the energy equation and 
rearrangement results in 
(119a) 
(119b) 
(120) 
This equation of functional form f(b,r) = Constant is reduced to 
the form f(b) = Constant by use of equation (28). The resultant equa-
tion cannot be solved in closed form but may be easily solved by trial 
and error. 
TRANSFORMATION TO AND EVALUATION OF PERl'INENT PARAMETERS 
IN THE PHYSICAL FLOW 
Inversion From Transformed Coordinates to the 
Corresponding Physical Flow Coordinates 
The inverse transformation from the ~, ~,or ro normal coordinate 
system to the physical normal coordinate y may be carried out when the 
profile functions are known. This transformation is first illustrated 
for the local enthalpy case. 
The definition of ~ (eq. (6)) is inverted to 
(121) 
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Substitution of the definition of h* and hl* enables equation (121) 
to be written as 
(122) 
The expression for ~ may then be evaluated for any known distribution 
'V 
h* 
of with ~. Equation (122) is suitable for transformation from ~ 
hl* 
to l Transformation of the velocity profile is accomplished by sub-
'V 
stituting the identity b~ = ~. The expression ~ is, in turn, related 
'V 
to a nondimensional similar normal ordinate 
y 
as follows: 
y l 'V liZ (123) 
= 
yv€t 'V Vv€t 'Vb~ l:,. 
Thus, 
Y Vi P€(hW P + hl* t h* ) (124a) 
= 
-d~
yVEt b ~ Pl hE h€ o hl* l:,. 
or 
y Vz P€ (h., hl * t CL h* ~ (124b) 
= ---ba.+- -~
yVEt 8 Pl % % 0 hl
* 
b -
l:,. 
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Equations (124a) and (124b) are the inversion equations f or the 
local enthalpy transformation from the ~- and ~-plane to the physical-
flow coordinate system. 
Corresponding equations for the total enthalpy transformations are 
as follows. (The identity c~ = w is also employed.) 
y 
or 
y 
0= 1w H* u1
2 1W(U)2 .l 
o Hl * dm - ~ 0 ul dmJ 
y 
"£:il 
o 8 
c 
b. 
Transformation of Velocity and Temperature 
Profiles to the Physical Plane 
Since the profile series result in distributions of and 
( l25a) 
(125b ) 
h* 
hl* 
H* 
Hl* 
in terms of ~, 13, or w, it is desirable to obtain profiles 
nondimensionalized by an invariant reference state in terms of y, ~, 
and t. In the previous section the inverse transformation of ~, 13, 
and w was shown to be of the form 
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(126) 
The combinations of equations (126) with equations (8), (9), and (10) 
produces the following equations for the profiles in the physical plane: 
~y,~,t) 
E 
h h(y,~,t) 
E 
H ~y,~,t) 
~ 
(127a) 
( 127c) 
If H 
14: 
is computed by the local enthalpy method, the following 
equation with values substituted from equations (127a) and (127b) rather 
than equation (127c) would apply: 
~y,s,t) 
~ 
h hE 1 - 1 r u J 2 hE ~ y, s , t) HE + 2 ~E (y , ~ , t ) HE (128) 
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Evaluation of Wal l -Shear and Heat-Transfer Coefficients 
The expressions for the wall shear and heat transfer in basic form 
and in various coefficient forms are der ived . In this section the designa-
tion a after an equation number denotes the local enthalpy method and 
b, the stagnation enthalpy method . 
Consider first the wall shear : 
( 129) 
A dimensionless shear function TE is introduced to eliminate the 
time dependency in equations (129) with the result that ~E = ~E(S) and 
e 
" 
Tw Pw I-lw ul Al is. (130) TE - ----
ft PE I-lE aE VZ PEaE t 
The rate of heat transfer from the wall to the fluid may be treated 
in a like manner: 
q = w ( 131a) 
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(l3lb) 
( l32a) 
( 132b) 
Analogy ratios for '" and T E may be simply formed and are 
'" 1 hl* Bl '4: 
-= - --- b 
'" Npr ulaE Al TE 
( 133a) 
'" Hl* Cl ~ l 
-= - - - - - c 
'" NPr ulaE Al TE 
( 133b) 
An alternate coefficient form which, although it is more easily 
comparable with results of others , is dependent on both S, t, and a 
flow length 1 may be expressed in terms of a Reynolds number based on 
flow length. The following definitions are used: 
1 length potential flow has traversed since acceleration 
from zero velocity by wave 
R = 
u l l 
! P ul2 2 w 
Nprqw 
ch = 
pwulhl * 
(134) 
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Equations (134) are combined with equations (129) and (131) to 
determine 
P~w 7, 
1jI 
Cl 0 Hl* PwJ-Lw 7, 
----VQ hl* 
The resultant analogy ratios are 
ch cCl Hl* 
cf - 2Al hl* 
( 135) 
(136a) 
( 136b) 
( 137a) 
( 137b) 
These relations (eqs. (135) to (137)) are appropriate for the 
constant free - stream flow behind a zero-thickness wave, since for this 
condition 7, is given by 
7, == 
ul 
----I (x - ust) 
ul - Us 
(138) 
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RESULTS AND DISCUSSION 
SHOCK SOLDrIONS 
Equations (106) to (113) for the local and stagnation enthalpy 
methods were solved for the flow behind.a shock wave advancing into 
undisturbed fluid (region 00). Solutions were determined for the fol-
lowing conditions: 
(a) Five- and six-term series represented profiles of velocity and 
enthalpy 
(b) The highest order derivative was assumed to be zero at ~ = 1 
and 13 = 1 
(c) Prandtl numbers of 0.72 and 1.0 
(d) Wall temperature equal to the undisturbed fluid temperature 
and wall temperature equal to the recovery temperature. 
Figures 2 to 4 present the results in coefficient form and show com-
parable results for the solution of reference 12. The potential flow is 
designated by the subscript a and represents the shock-tube region 
appropriate to this case. 
The coefficients are independent of the ratio of the specific heats 
r when plotted against a function of the ratio us/ua. The choice of 
rather than as the abscissa was made in order to represent 
Us - ua ua 
the entire range of shock strengths along a finite abscissa. 
These solutions necessitated finding the values of b which satisfied 
the equations for the local enthalpy case (eqs. (110) and (D15) or (D16)) or 
the values of c which satisfied equations (111), and the equations for 
~/D (analogous to eqs. (D15) or (D16)) when the stagnation enthalpy 
equations were used. These equations are polynomials of high order in b 
and c and, as a consequence, multiple roots were possible. Only two 
roots with real positive values of b or c were found for each case. 
One family of equations originated at the value b,c = 0 for the 
limiting weak wave and the values were much less than unity throughout 
the entire range; the other family originated at the value b,c = ~NPr 
for the limiting weak wave and remained of order one for all waves. The 
latter family was chosen as the correct one after application of the 
argument that, on physical grounds, an infinite ratio of velocity to 
thermal-boundary-layer thickness is not acceptable. 
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Because the momentum equation is independent of the energy equation 
when the outer inviscid flow is constant, skin friction is independent 
of NPr and is the same for both local and stagnation enthalpy repre-
sentations . The terms cf {R for the five- and six-term profile series 
(fig. (2)) agree well with the corresponding values of reference 12, the 
five - term solution being 3 to 4 percent lower and the six-term solution 
being only from 1 to 3 percent lower than the reference values. The coef-
ficients are significantly different from ' the steady- flow values of 
cf VR and ch -J'R; the unsteady- f l ow values are about two to three times 
as large . This difference arises because shock-initiated laminar boundary-
layer flows are more closel y related to the Rayleigh problem of the infinite 
plate set in motion impulsively than to the steady flow over semi-infinite 
plates. The flow behind the shock is equivalent to the Rayleigh flow for 
the limiting weak shock with a pressure ratio of 1.0 (ref. 12). 
Heat-transfer parameters for the special case Tw = Too defined by 
equations (134) are plotted in figure 3; results of the present solutions 
are compared with results of the analysis of reference 12. As in the case 
of skin friction, heat-transfer coefficients agree well throughout the 
range of shock strengths . 
The recovery factor r is defined as 
( 139) 
where haw = Haw is the enthalpy of an insulated wall (qw = 0). The 
condition of zero heat transfer occurs when (~~)w ~ a which, in turn, 
requires that Bl or Cl O. These latter will be zero when 
r,n = 6 
( 140) 
r,n = 10 
for the five-term series and six-term series, respectively. Although in 
figure 4 the discrepancy between the recovery factors of the local enthalpy 
methods and those of reference 12 appears to be large, the recovery-
temperature error itself is fairly small because the Mach number is 
limi ted to a maximum of 1.89. The following numerical example for air 
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(as a perfect gas) with Too = 5200 illustrates the fact. At a shock-
pressure ratio of 3.0, the adiabatic wall temperature from reference 12 
is 1,4430 compared with the six-term local enthalpy result of 1,411
0 ; 
and at a shock pressure ratio of 100, the temperature from reference 12 
is 14,7370 and that of the present analysis is 14,804
0
. 
Insulated-wall solutions by the stagnation enthalpy method required 
recovery factors of unity for both five- and six-term profiles regardless 
of Prandtl number. Failure of this method is attributed to the low num-
ber of terms in the profile function. In the local enthalpy method for 
five- and six-term profiles, stagnation enthalpy profiles contain 9 and 
11 terms, respectively, because of their quadratic dependence upon veloc-
ity. Thus the stagnation enthalpy profiles may have a sufficient number 
of inflection points to yield zero heat transfer at a wall temperature 
other than that equal to the stream stagnation temperature. When five-
and six-term stagnation enthalpy profiles are required, however, too few 
points of inflection are available to satisfy the boundary conditions and
 
to give zero heat transfer at any wall temperature other than stream stag
-
H 
nation temperature. The result is the unique profile --(ill) = 1, 0H = 0, Hl 
and c = 00; these values appear to be unacceptable for Prandtl numbers 
other than unity. 
Figure 5 presents velocity profiles of· the five- and six-term local 
enthalpy solutions for the present analysis computed at the location 
~ = ua for a value of the parameter Us equal to 2.0. Local and 
~ ~-% 
stagnation enthalpy profiles for the same case are given in figure 6. 
Shown also in these figures are the corresponding profiles evaluated 
from reference 12. The integral-method profiles are slightly fuller in 
the outer part of the boundary layer but are in close agreement near the 
wall, the six-term profiles giving slightly better correlation than the 
five-term profiles. 
Solutions by the local enthalpy method with six-term profiles and 
vanishing stream derivatives were obtained for the flow behind a negative 
shock propagating into region E. Skin-friction and heat-transfer results
, 
cf \jR and ch {R, are plotted in figures 7 and 8 against he which is 
an index of negative shock strength. The functions are evaluated for 'l 
equal to 1.4 and 1.667 and Prandtl numbers of 0.72 and 1.0. As for the 
case of the shock wave, only the family of solutions with b near unity 
was considered. 
Results of the analysis of reference 13 for y = 1.4 and Prandtl 
number of 0.72 are also shown in figures 7 and 8(a). Good agreement with 
the corresponding case of the present solution is evident. 
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EXPANSION-FAN SOLUTION 
The initial solutions to the hyperbolic differential equations 
for Z and W indicated immediately that there was no unique mathematical 
solution to the problem; instead, an infinite number of solutions were 
possible for the six- term profiles. The reason for this behavior lay in 
the fact that the starting value of A = 20 (r = -10) not only produced 
the fullest profile without exceeding a value of 1.0 for u (h*) but 
ul hl* 
A(~t was also the maximum point on the curves of and 
against A. In the range where S approaches -1, the dominant terms 
(as has been shown previously for S = -1 in the discussion of the 
starting problem) in equations (45) and (46) contain these parameters; 
thus, it is possible to find solutions on either side of A = 20. Simi-
larly, for each A in this region, branch solutions exist for ~ on 
either side of -10 corresponding to a b on each side of NPrl t 2 . 
Furthermore, it was ~ossible to change from one family (say A < 20, 
r > -10, b > NPrl / 2) to another (A < 20, r < -10, b < Nprl / 2) in suc-
ceeding steps, and the derivatives obtained for dr and db would permit ds ds 
fairing of a smooth, although inflected, curve of r and b against S. 
Thus, from a single solution at the start (point for n = 1) the possible 
solutions multiplied so that at the first step away from S = -1 (that 
is, n = 2) there were four solutions; at the second step, eight solutions; 
or at the nth step, ~ possible solutions. 
The aforementioned mathematical phenomenon was eliminated on the 
basis of physical logic that such oscillating solutions were not com-
patible (at least in the region where S approaches ~l) with smooth 
monotonic variation in all the potential-flow quantities. However, 
there still remained the first four branches of the solution: 
Branch I : 
A < 20; b>~; r > -10 
Branch II: 
A < 20; b < VNPr; r < -10 
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Branch III: 
A> 20; b > VNPr; r > -10 
Branch IV: 
A > 20; b < VNpr; r < -10 
These four branches were computed and the results of their solutions 
are presented in figures 9 to 15. Also plotted in figures 14 and 15 are 
the results of a power-series solution to the complete Prandtl equations 
(ref. 15). This solution, obtained by expanding the velocity stream func-
tion and a corresponding temperature-distribution function in terms of 
powers of S + 1, contains terms up to (s + 1)2, is exact at ~ = -1, 
and has a progressive error as ~ increases. Note should be taken that 
the series solution was not completed until after the integral solution 
in the expansion fan was finished; thus, a comparison with the series 
solution was not available in the early stages of computation. 
An inspection of figures 9 to 15 reveals that, in the neighborhood 
of ~ = -1, the Z, W, TE, and qE curves of the integral solution 
are nearly coincidental in spite of the variation in the profile param-
eters A, r, and b. The values of TE and ~ also agree closely 
with the solution of reference 15 in this region. This near-equivalence 
of wall shear and heat transfer, concurrent with different values of A, 
r, and b, is typical of integral solutions which are not concerned 
directly with the various profile shapes inside the boundary layer but 
instead are dependent on the integral of these profiles and their deriva-
tive at the wall. 
As ~ becomes larger, branches II and IV first diverge from 
branches I and III; and the solutions to the former branches become 
unacceptable when b becomes zero at S ~ -0.52 since this condition 
°h indicates an infinite ratio of in the physical plane. Branches I 
°u 
and III agree with the series solution within 2 percent up to S = -0.5 
A 
A 
for TE and within 5 percent up to ~ = -0.7 for ~. 
Branch I solution does not continue past ~ = 0.62. At this point 
s = ~Z* and further integration along the characteristic originating 
from ~ = -1 is prohibited. Branch III solution was halted arbitrarily 
at S ~ 1.0, the point at which Z approaches O. For this solution 
~Z* > 1.0 so that further integration was possible but was discontinued 
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in view of difficulties (to be discussed in a future section) encountered 
in joining the solutions to a constant-pressure region. 
Velocity and enthal py profil es of the four branch solutions and the 
power - series solution are shown in figures 16 and 17 for values of 
~ = - 0·9, -0.7, and -0. 5 (no solution for branches II and IV at ~ = - 0 . 5) . 
All solutions agree very well in regard to velocity profile (the over-
shoot i n velocity in branch III at these values of ~ is almost negli-
gible) and the agr eement at ~ approaching -1 between the integral and 
the exact (that is, the power series as ~ approaches -1) is much better 
than that for the shock solutions . (Compare figs. 5 and 16.) Although 
the enthalpy profiles of branches I and III agree closely with each other 
and the series solution, those of branches II and IV indicate a different 
and very improbabl e behavior from the beginning. The profil es for 
branches II and IV show minimum values of h (maximum values of h*/hl*) 
to exist inside the boundary l ayer, and such a minimum does not appear to 
be physically l ogical since the convective derivative of free-stream tem-
perature is al ways negative whereas the wall remains at a fixed temperature. 
Of the two remaining branches, I and II, arguments could be advanced 
originally for the retention of both. For the case of A < 20 (branch I) 
consider the argument: Since the convective pressure gradient Dr> 1 
increases monotonically from a value of 2"1 - --- at 
"I + 1 
~ = -1 to a value 
of 0 at ~ = __ 2__ (Value of ~ for ~l = 0), from steady-flow 
"I - 1 
analogy 
A> 20 
A would be expected to decrease monotonically. For the case of 
( branch III), the following reasoning can be applied : 
(a) I f the solut ion were to be continued for an expansion fan of 
infinite pressure ratio (~~(,) = 0, 
sion relating A with Z: 
~ = __ 2__ ), consider the expres -
"I - 1 
A = (~) 2 1 ~ ~ ---.....:Z~--3'Y-_-l 
"I - 1 "1-1 
2 
"I + 1 
2 
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For to be finite at s = r - 1 
2 
but also that all n derivatives 
requires not only that 
n ~ 3r - 1 _ 1 
r - 1 
z is zero 
are zero. 
For A to be zero would also require dnZ --- = 0 to be true for n ~ 3r - 1. 
r - 1 dsn 
dnZ 
--- are very rigid and a violation would not be ds n These restrictions on 
unexpected; thus, A = 00 (When ~ _ 2 ) 
r - 1 
is possible. 
(b) From steady-flow experience, when a strong favorable pressure 
gradient is imposed on a flow in which the wall is hotter than the free 
stream, the local free-stream velocity is often exceeded inside the 
boundary layer (that is, A> 20). 
The subsequent completion of the series solution indicated a pref-
erence for the case A < 20 since in the vicinity of s = -1 the 
profile u never exceeds 1. (See fig. 16.) It should be noted, how-
ul 
ever, that, in the region S > -0.5, the profile of reference 15 shows 
a tendency to exceed 1.0. This value of S is such that the error 
arising in the series solution by neglecting 0(1 + ~)3 is of the same 
order as the velocity overshoot. 
In view of the foregoing arguments, the following policy was adopted: 
The branch of the solution for A ~ 20 is considered to be the correct 
and most accurate one. Results of this solution including pertinent 
derivatives may be found in table I. Results for both branches I and III 
will be presented in some cases of ~€ and ~ since, as mentioned 
before, the integral method itself cannot distinguish the behavior inside 
the boundary layer. 
'" From an inspection of figure 15, a maximum value of ~ is evident 
in both the integral and power-series solutions. Such a maximum was 
expected since the ratio of free-stream total enthalpy to wall enthalpy 
has an initial value of 1.0 at s = -1, decreases to 2 
r + 1 
at s = 0, 
and increases thereafter so that it passes through 1.0 again at S = 1. 
(See accompanying sketch.) 
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Since the difference in these enthalpies may be considered a measure of 
the influence of the l ocal f r ee- stream flow on heat transfer, the heat 
transfer to the f l uid would be expected to increase from an initial value 
of zero to a positive maximum, return to zero, and finally become nega-
tive . The fact that the positive maxi mum at s = -0.6 and the return 
to zero at S = 0 . 5 for solution I occurred at lower values of S than 
the maximum and zero difference, r espectively, in the stagnation enthal-
pies refl ects the past history of the boundary- layer flow. Energy has 
been added to and stored in the boundary layer so that at a given value 
of s the total enthal py distribution in the boundary layer is entirel y 
different from that which would have existed if the local free-stream 
condition had been constant to that point. Similar behavior occurs for 
branch III. 
A maximum a l so exists in the curve of the variation of TE with s 
for the i ntegral sol utions ( fig . 14). (It does not appear in the series 
solution since this effect requires consideration of terms of 0(1 + ;)3 
or higher . ) A simple explanat i on for its occurrence in this particular 
range of s is not obvious al though the existence of a maximum at some 
point in the expansion wave will be argued. 
Although the computations have not been carried out to large values 
of S (and, as discussed previously, the no- slip conditions are violated), 
an idea of the behavior of T E and ~ under the Prandtl boundary- layer 
assumptions can be obtained from physical considerations. For an infinite 
expansion- fan strength (Rl = OJ' the following conditions apply : 
2 
"!Jl = f - 1 
Hl hl 2: - 1 u 2 o + 2 -+ 
- 1 = Hw hw 2 f - 1 
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Thus, although the free-stream density, pressure, and temperature 
have all become zero, the nondimensional free-stream velocity ~l and 
Hl 
stagnation enthalpy ratios are finite. If this situation is repre-
Hw 
sented as an infinitely thick boundary layer separating a surface from 
a stream of finite velocity and total enthalpy, the wall shear and heat 
transfer would then become zero. The following sketch indicates the 
anticipated form of the curves for T€ and ~, the solid lines denoting 
computations and the dashed lines, possible extrapolations. 
I 
........ 
'-- T€ T€ '--
""-
or "'-
"-
""-
" ~ ~ ""- ""-
......... 
0 --~ 
"-
"-
---
-'--
-
-1 o 1 2 3 4 
2 For the wall shear to approach zero as approaches y-:-r requires 
" a maximum on the curve of the variation of T€ with s. Similarly, the 
" curve for the variation of ~ with s must have both a maximum and 
minimum value. 
Dimensionless velocity and enthalpy profiles inside the expansion 
fan for various values of s are shown in figures 18 and 19 for the 
branch I solution. One may note in figure 18 that the value of the 
dimensionless normal ordinate at the edge of the velocity boundary layer 
(~)5u increases nearly linearly with , in the range -0.4 ~ , ~ 0.6. 
Since 2 (1 + s) 
y + 1 
and A does not change drastically, it is t o 
5 
J 
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be expected that the slope of the velocity profile at the wall would be 
nearly constant in this range and hence result in an approximately con-
stant skin-friction parameter. (See fig. 14.) 
Although the value of ( Y) is also approximately linear in ~ 
°h 
the same range, the wall heat transfer is not constant because: ( a) 
is not linear in S, and (b) r approaches and passes through the value 10. 
Condition (b) requires an inflected enthalpy profile and a resultant 
reversal of the sign of the heat transfer. (See curve for S = 0.6 in 
fig. 19 . ) 
The behavior of the solutions at the leading edge of the expansion 
fan merits consideration. Consider the following limiting equations: 
For six- term series: 
lim Z = lim rJ~)2(s + 1) = 
s-) -1 s-) -1 \f 
For six- term series: 
For five - term series, (.£..)" = -0.647" 
ul 0;=1 . 
lim 0.1148(1 + s) 
s-)-l 
III 
1.125 ---
F 
(141) 
(142a) 
(142b) 
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Consider the same limiting equations for the case of a vanishingly 
weak positive or negative shock (that is, Us ~ ± 8£, Yl ~ 0): 
For the six-term series: 
lim Z = 
~s~ ±l 
2Al ~ 5~ lim (±~s + ~) 
~s~ ±l 
= 0.20406 lim (±~s + ~) 
~s~ ±l 
~~ ±l ~~ ±l ~~ ±l 
(143) 
For the six-term series: 
'" 
Yl 
,V:1 ~ = 0.559gl lim T€ = lim lim ~s~ ±l ~~ ±l V±~s -+ ~s~ ±l V±ss -+ S 
s~ ±l s~ ±l s~ ±l 
( 144a) 
For the five-term series: 
lim '" lim "lJl ,V~ ~ = lim 0.547Yl T€ = = ss~ ±l ss~ ±l V±ss -+ ss~ ±l V±ss -+ s 
~~ ±l ~~ ±l s~ ±l 
(144b) 
The ratios of the limiting values in the expansion fan to those in 
the shocks are then 
For the six-term series: 
Zexp 
lim = 
s~-l Zshock 
0.1148 
= 0·5626 
0.20406 
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For the six-term series: 
lim 
(~€txp 1.118 2.000 
(T€)ShOCk 
= ---= 
~~-J. 0·559 
( 146a) 
For the five-term series: 
lim 
(~€ )exp 1.125 2.06 
(T€ thock 
= = 
~~-l 0.547 
(146b) 
Similar ratios may be found for W and <4:. The power-series 
solution, which is exact at ~ = -1, also yielded a ratio of T€ exactly 
twice the Rayleigh (vanishingly weak shock case) value. These results 
will be applied in a later section to obtain approximations to the inte-
gral solution for any gas. 
DISCONTINUITY SOLUTIONS 
At Trailing Edge of Expansion Fan 
Solutions to equations (114b) 
obtained at the weak discontinuity 
expansior. ~an are shown in figures 
and (114c) for branches I and III 
arising at the trailing edge of the 
20 and 21. For type I solutions, the 
9 · 
ratio ~ (the subscript i 
8j 
indicates conditions inside fan at trailing 
edge; the 
the range 
subscript j, conditions outside fan at trailing edge) 
8. ¢. 
1.05 ~ ~ ~ 1.12 whereas r;l was in the interval 
- 9 -j j 
was in 
0. 93 ~ ¢i ~ 1.10. For branch III, the ranges were 
- ¢j - 6 
< 9i < 0.5 = - = 1.12 
8j 
and 0. 98 ~ ¢i ~ 2.2, respectively. 
¢j As mentioned previously, the values 
from the continuity equation (113) varied from those given in figure 20 
by no more than 2 percent. For branch III and for values of ~te > 0.6, 
no solutions could be found with a physically acceptable value of b 
NACA TN 3944 75 
(that is, 0(1 - 10)). This inability to match the values at the trailing 
edge may be construed as a further argument against the use of branch III 
solutions. 
Since the discontinuous change in 
and W at the trailing edge represents a Z-jump and a W-jump in the 
boundary-layer characteristic system. These jumps may be considered 
analogous to the change in values of the Prandtl-Busemann parameters 
Z 
(Cl and C2 of ref. 22) at a vortex sheet in the steady-flow character-
istic system since there is a discontinuous variation without any inter-
section of characteristics of the same family. Of course, these Z- or 
W-jumps exist only mathematically, since in the physical flow viscous 
effects would diffuse the jumps into steep gradients with the peaks 
rounded off, a situation similar to that in the steady flow where the 
vortex sheet would undergo viscous diffusion. 
In figure 21 are shown the ratios and of the shear 
stress and heat transfer on opposite sides of the trailing-edge discon-
"-T· 
tinuity. Both solutions exhibit ~ ~ 1.0, a relation which was expected 
T j 
for a flow emerging from a region of favorable pressure gradient into 
one of zero gradient. 
For weak expansion waves the trend of the heat transfer at the 
trailing-edge discontinuity is that which would be expected from Reynold's 
analogy in that the heat transfer decreases similarly to the skin fric-
tion. However, for values of ~tE > -0.2, the opposite occurs and the 
heat transfer in region ~ at the trailing edge exceeds that inside the 
expansion fan. No obvious argument is apparent to justify this behavior. 
Velocity and enthalpy profiles on opposite sides of the trailing-
edge discontinuity are shown in figures 22 and 23. Corresponding pairs 
of velocity and enthalpy profiles show only a slight deviation across 
the discontinuity. 
The velocity profiles inside the fan are fuller near the wall than 
in the region ~ because, as mentioned previously, the favorable pres-
9· 
sure gradient is absent in ~. Since ~~ 1.0 and the thicknesses of 
9j 
comparable pairs of velocity profiles are nearly equal, the adjustment 
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of the boundary layer at the trailing edge of the expansion fan is 
essentially a transfer of momentum from the inner part to the outer part 
of the boundary layer. 
At the Contact Surface in a Shock Tube 
Equation (120) was solved for various expansion- and shock-wave 
pressure ratios for the special case arising when the same gas is used 
in both the high-pressure and low-pressure chambers of a shock tube. 
These solutions indicated no change in shear stress across the discon-
tinuity, and only a small decrease in the magnitude of the heat-transfer 
rate although W, r, and b show extreme discontinuities which, of 
course, would be rounded off by viscosity. At first glance this heat-
transfer result might appear to be incompatible with the physical flow 
since across the contact surface there is always a discontinuity in the 
free-stream stagnation enthalpy. For a recovery factor near 1.0, the 
heat-transfer rate might be expected to vary as the difference between 
the free-stream stagnation enthalpy and the wall enthalpy. (For example, 
when M~ = 1.0, this difference is -0.17hE in region S and 0.5~ in 
region 0). However, on further inspection, it appears physically plausi-
ble to expect the heat transfer to change only slightly although the free 
stream changes markedly. As the outer contact surface progresses at free-
stream velocity, the colder fluid forming the outer part of the boundary 
layer just behind the contact surface overrides the hot fluid near the 
wall. Consequently, since the fluid adjacent to the wall originally came 
from region 0 with a high stagnation enthalpy, it still possesses enough 
energy to maintain a large rate of heat transfer simultaneously to the 
wall and to the outer part of the boundary layer. The enthalpy and veloc-
ity profiles for the case Ms = 1.0, ~te = 0, ~d = 0.833 in the region 
near the entropy discontinuity are shown in figures 24 to 26. These fig-
ures show the initial hot-fluid entrainment near the wall and the subse-
quent rapid readjustment as the energy of this fluid is given up to the 
wall and outer boundary layer until finally all identity with the previous 
flow in region 0 is lost and the boundary layer behaves as one would 
expect if region S had been the only influencing factor. Although the 
velocity boundary-layer thicknesses (---y-- at ~ = 1.0) are approxi-~YEt ul 
mately equal on both sides of the discontinuity (see fig. 24), the thermal 
boundary-layer thickness immediately behind the discontinuity is many 
times that ahead of the discontinuity = A 
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much larger thickness of the thermal layer in this region is justifiable 
on the physical basis that the temperature is forced to go first from Tw 
to a value near To > Tw in the hot sublayer and then revert back to 
T~ < Tw in the outer layer. (See figs. 25 and 26.) No such behavior 
is required for the velocity since Us ~ uo. Of course, because of the 
effect of mixing and diffusion, the discontinuity of zero thickness itself 
is a physical impossibility; thus,the profiles in the immediate neighbor-
hood of the contact surface do not physically exist, although the trends 
exhibited are probably correct. 
DISCUSSION OF CHARACTERISTICS SYSTEM 
The Characteristic Plot for the Shock Tube 
Since the unifying influence on all the various particular solutions 
to the localized phenomena existing in the shock-tube flow (the effect of 
only one wall being considered) is the characteristic system, brief men-
tion of a few significant factors will be made at this point . First, all 
solutions have been obtained in conical form in that everywhere Z, W, 
A, r, and b are functions only of ~. Consequently, although the 
slopes of any characteristic curve are equal to the product of time t 
and a function of ~,the limiting lines dividing the integrations from 
~ = -1 and those from ~ = ~s are invariant with time. (See eqs. (53) 
and (54a).) A boundary-layer characteristic diagram for 5te = 0 is 
shown in figure 27 and may be considered typical of the diagrams for all 
~te ~ 0 · 5· Free-stream flow characteristics and a particle path are also 
shown. The regions -1 ~ ~ ~ ~Z* and ~W* ~ ~ ~ ~s emerge as two com-
pletely independent regions since no boundary- layer characteristic in 
one region was generated in the other . Only the region ~Z* ~ 5 < ~W* 
depends on both the expansion- and shock-wave strengths because char-
acteristics which originated at ~ = -1 and ~ = ~s cross this region. 
From the characteristic theory, in the region of validity of the 
equations, there can be no discontinuity in the functions Z or W but 
there may be discontinuities in the derivatives of Z and W. At the 
location ~ = ~Z*, there are discontinuities in both (OZ) and (ow) 
05 + o~ +' 
(~~)-whereas at the location ~ = ~W* only u~ is discontinuous. 
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Location of ~W* by the "Anchor Point" Method 
The fortunate circumstance that Z is continuous across the entropy 
discontinuity (for the case of the same gas on both sides of the discon-
tinuity) permits the analytical determination of both the location of 
~W* and values of W, r, and b along ~W* (all of which would other-
wise have to be obtained by numerical an~ graphical methods) and thus an 
"anchor point" is available toward which the graphical-isocline methods 
used for ~te ~ ~ ~ ~d must converge at ~W*. The mathematical device 
employed to obtain this result is to shrink region a to zero, to let 
region ~ exist from ~te to ~s' and then to solve the resultir~ 
positive-shock equations. This distortion of the potential flow leaves Z 
completely unchanged from its distribution wher. a is nonzero, since Z is 
still linear and continuous in the interval ~ Z* ~ ~ ~ ~ s. (See accom-
panying sketch.) 
Z 
o~--------------------------------------------------------~-
W 
Jcorrect 
Anchor point /'" ---- --- ---- ___ 
---Distorted / ---
~ * Z 
Furthermore, the curve for the variation of W with ~ will remain 
unchanged in the interval ~ ~ ~W* since the W-characteristics orig-
inate at ~ = -1 and the Z-characteristics, although they originate at 
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~ = ~s' carry the unchanged (correct) value of Z at each ;. In the 
interval ; > ;W*, the distribution of W is now both linear and con-
tinuous but does not represent the true distribution; however, at ; = ;W*, 
the value of W is correct and can be computed analytically from its 
linear variation from ° at ; = ;s. The terms r and b, which are 
constant for ;W* ~ ; ~;s in the distorted flow when region a has zero 
width, are also the undisturbed values at ; = ;W*. 
Physical Significance of the Critical Characteristics 
The mathematical singularities ;Z* and ;W* of the characteristic 
integral solution have been found to be the limits of forward integration 
along a characteristic if the mathematical sequence of events is to follow 
the physical sequence. The further significance of these integral singu-
larities in relation to singularities arising in the complete Prandtl 
boundary-layer equations and in the physical flow will be discussed in 
this section . 
The complete unsteady Prandtl boundary-layer momentum and energy 
equations given in appendix E (eqs. (Ell) and (E12)) in the transformed 
coordinate system _ ;,~,t contain the term ; _ df as a coefficient for 
. d~ 
dg 
-, and g. Consequently, singular behavior might be expected 
d; 
in the region where approaches 
Such singular points (~ = ~~ = a:t) are roughly related to the 
location in the boundary layer at time t of particles which were orig-
inally at x = ° and t = 0. Now at x = 0, t = 0, when the flow was 
originated by the instantaneous formation of the expansion wave or shock 
wave or both, a singularity was propagated nOPmal to the wall out to all 
values of y . This Singularity coincided with the expansion wave (which 
at t = ° has zero thickness regardless of strength) or shock wave or 
both . In the case of the shock tube when both expansion. waves and shock 
waves appear simultaneously with the diaphragm burst, the singularity is 
also concurrent with the position of the contact discontinuity at t = 0. 
The boundary-layer assumptions admit no diffusion in the streamwise 
direction so that this singularity is conveyed along with the boundary-
layer flow and, at any time t, will appear at a value of 
I 
I 
J 
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t 
x = fa u(x,y,t) dt 
Consequently, in the complete boundary-layer equations, the mathematical 
singularity at s = of may be assumed to have a correlation with the 
OT) 
physical location in the boundary layer of the generating singularity or 
contact discontinuity. In the shock- tube case the singularity reflects 
the separation within the boundary layer of the fluid accelerated by the 
shock from that set in motion by the expansion wave. The contact surface 
is analogous to the "critical characteristic" for the potential flow. 
The y-location of this s ingularity will vary from y = 0 at x = 0 to 
y = 0 at x = ult. 
Since integral solutions are not affected by details of the flow 
inside the boundary layer but only take into account integrated average 
effects, the aforementioned singularity will also appear under averaged 
conditions . Instead of the singularity distribution, at various values 
of y for various values of S, which is found in the physical flow and 
in the complete Prandtl boundary-layer equations, the singularities are 
lumped together an~ appear for all values of y ~ 0 at a particular 
s = s*. The fact that the averaged location of the singularities in 
velocity and enthalpy do not coincide in the integral solution (that is, 
SZ* I Sw*) may be attributed to the fact that the velocity and enthalpy 
boundary layers are identical neither in profile shape nor in thickness. 
Thus the two critical characteristics represent different averaged posi-
tions of the same physical singularity. 
Additional discussion of the appearance of singularities in the com-
plete boundary-layer equations for the expansion fan may be found in ref-
erence 15. In reference 23 the case of a semi-infinite flat plate impul-
sively set in mot ion is treated, and the analogous problem of the relation 
between a similar singularity arising in the complete equations and that 
in the integral equations is examined. 
Momentum and Energy Shocks 
In any characteristics system, the merging of characteristic curves 
of the same family denotes the end of the continuous distribution of the 
dependent variables. For potential flow, the resultant discontinuous 
change is called a shock wave and this definition will also be applied 
to any discontinuous change in the boundary-layer .parameters Z and W 
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resulting from the intersection of characteristics of the same family. 
Such a shock is formed by the Z-characteristics for expansion waves with 
values of Ste ~ 0.508 because the slope of the characteristics orig-
inating from S = -1 is greater than the slope of those originating 
from S = Sse In figure 28 characteristic diagrams for the Z- characteristic 
family are sketched for the cases of 
(a) Ste = - 0 · 5 « 0.508 
(b ) Ste 0.4 ~ 0.508 
(c) Ste = 0·508 
(d) 0.508 ~ Ste < 0.62 
Ste = 0·55 
(e) and (f) Ste 1.00 
The relative slopes of these sketches are distorted in order to indicate 
more clearly the convergence or divergence or both convergence and diver-
gence of the characteristics . For values of Ste < 0~508 (fig. 28(a)), 
there is no merging of the characteristics, although as Ste ~ 0.508 
(fig. 28(b)) the heavy density of characteristic lines behind the 
expansion- fan trailing edge indicates a strong gradient. When Ste = 
(fig. 28(c)), the Z boundary-layer characteristic family in regions 
and a has a slope equal to that of the upstream potential-flow char-
acteristic (expansion-fan trailing edge) and all the Z-characteristic 
lines from S = -1 are trapped at Ste = 0.508 and extend to t = 00 
along Ste = 0.508. This condition is the initial formation of the 
Z- shock due to the merging of the characteristics. For values of Ste 
between 0.508 and 0.62, the sketch (fig. 28(d)) is drawn for convenience 
with the Z-shock located concurrent with the expansion-fan trailing edge, 
but this location has not been established mathematically. The only math-
ematical restriction on the Z-shock location under this condition is that 
the slope of the shock must be between the slopes of the bounding 
characteristics. 
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Methods for Extending Present Results 
Since A ~ 0 in the fan, it can be proven for ~te > 0.508 that 
any Z- characteristi c entering the fan must be bent from its direction in 
region S toward the trailing edge of the fan. Although computations 
in the expansion fan have not been extended past ~ = 0.62 = ~Z* in the 
fan, two prime possibilities exist for flows with values at the trailing 
edge of S > 0 . 62 . One is the shock-free flow diagramed in figure 28(e) 
in which the values of ~ for all the Z-characteristic lines approach 
SZ* = 0 . 62 asymptotically . The other possibility, sketched in fig-
ure 28(f), shows a Z-shock which must be located at ~ ~ 0.62 to permit 
characteristic intersection since the characteristics from ~ = -1 can-
not cross this line. Until the hyperbolic differential equations are 
solved for this region, the choice of one or the other of the flows would 
be purely speculative. 
The method of procedure for solution where ~te > 0.62 would be 
similar in many respects to that employed for determining the flow and 
shock location of a supersonic field about a cone (that is, integration 
backward toward the axis until certain conditions are satisfied on a ray 
from the origin of the conical system). 
For the shock--free case, a possible procedure would be: 
(a) Assume a value of (~~)_ at ~ 0.62. 
(b) Compute (~~)+ at s = 0.62; W and Z are equal to the value 
at ~ = 0 . 62 obtained by integration from ~ = -1. 
(c) Integrate forward (5~ > 0) along (:;) and backward (5~ > 0) at > 0 at < 0 
+ 
along (::)- to obtain values of W and Z at various values of ~ . 
(d) By trial and error, find the value of s at which the trailing 
edge could be located in order to satisfy simultaneously equations (114b) 
and (114c) with the values of W and Z obtained in (c) and also the 
value of Z obtained by integrating forward from the corresponding shock 
to the trailing edge . 
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For the shock case the procedure would be slightly more complicated: 
(a) Assume a Z-shock location SZs 
(b) Solve simultaneously equations (114b) and (114c), with v 
for '" b, and 8 on the pos.itive side of sZs 
(c), (d) Proceed as in (c) and (d) for shock-free case. 
Two pOints of interest in regard to the preceding outline of pro-
cedure should be noted. First, it is not to be expected that every assumed 
slope at S = 0.62 or shock location SZs would yield an eventual solu-
tion; in fact, one of the cases might be entirely eliminated and only a 
portion of the remaining case would be valid. Secondly, the possible 
difficulty which would be introduced if the W-characteristics either 
merged or reached their asymptotic value is not considered. By employing 
the anchor-point procedure to locate SW*, it was found that, for a shock 
tube employing air throughout, this difficulty arises at SW* = ste = 2.25. 
THE CCMPLEI'E SOLlJrrON FOR THE BOUNDARY LAYER IN 
A SHOCK TUBE FOR r = 1. 4, REO = Roo, AND ,,~20 
Combination, on the basis of the boundary-layer characteristics 
system, of the component solutions described in the foregoing sections 
results in the general solution for the laminar boundary layer in a shock 
tube in the entire region affected by the shock or expansion wave . The 
solution for the case of Ste = 0 is illustrated in figures 29 to 32 by 
the solid lines. The dashed lines show possible smoothing or rounding 
off of the discontinuities. The trends shown by these figures are typical 
of the other values of Ste. 
Since the solution for the flows inside the expansion fan and between 
the shock and entropy discontinuity have been discussed in detail, a brief 
discussion of the behavior only in the region Ste ~ S ~ Sd is presented. 
Here Z was computed analytically and W, by graphical integration. Fig-
ures 29 and 30 show Z to be linear and continuous in this range with a 
discontinuity in slope at SZ*; whereas W is almost linear for 
Ste ~ S ~ SW* and then displays very strong curvature as s ~ sd because 
of the adjusting process required after the entropy discontinuity. The 
value of b changes very little for ste < s < sW* and then becomes very 
small as W becomes large (s ~ sd). 
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In the constant -pressure region between Ste and SZ*, ~€ and ~ 
decrease in a manner simi lar to the decrease found either in the flow over 
a semi- infi n i te flat plate or behind a shock or negative shock as the dis-
tance from the leadi ng edge or shock increases . In fact, in regard to Z 
and T€, the flow between Ste and SZ* is identical to that behind a 
negative shock of ve l ocity Ss = SZO ( SZO is the point in fig . 29 where 
linear extrapol ation of the curve of the ' variation of Z with S inter-
sects the Z- axi S), the outer potent i al- flow conditions being identical 
t o those in region ~ . 
The val ue of T€ r eaches a minimum at SZ* and i ncreases continu-
ous l y and monotonicall y t hereafter to a theor etically infinite value at 
the shock . On the other hand, ~ r i ses slightly from SZ* to SW* 
and then begins the rapid adjustment to the large negative values existing 
at the entropy discontinui ty . The zer o heat-transfer point appear s in 
the interval between SW* and Sd . Between the entropy discontinuity 
and the shock, the val ue of 
to - 00 . 
decr eases continuously and monotonical ly 
A compos i te diagram of the distribution of velocity and enthalpy in 
the boundary l ayer of the shock- tube f l ow is shown in figure 33 to com-
pl ete the description of the entire boundary- layer flow for ~te = O. 
In parts ( a ) and ( b ) of f i gure 33, the profiles existing at the various 
val ues of S are pl otted at that val ue of S, and in part (c ) the extent 
and location of the various waves and regions are indicated. The profiles 
existing on both sides of the trailing- edge discontinuity are drawn . The 
enthalpy profiles existing on opposite sides of the entropy discontinuity 
have been ill ustrated previously in figure 25 . The maximum boundary- layer 
thicknesses are l ocated at the entropy discontinuity at any given time t 
and a second smaller maximum in velocity boundary- layer thickness is 
located at SZ* . 
Complete distributions of ~€ and ~ in the shock tube for various 
matched values of expansion- and shock- wave strength are plotted in fig-
ures 34 and 35 . (Large - size working plots of figs. 34 and 35 are available 
on request from NACA Headquarters , Washington, D. C.) These curves, similar 
to those for Ste = 0 discussed previously, permit the evaluation of the 
wall shear and heat transfer at any point 
tube by using a singl e gas having 'Y:: 1. 4 
x,t 
and 
or s,t in a shock 
Npr = 0.72 for shock-
pressure ratios up to approxi mate l y 5. The dashed line, representing 
the expansion- fan solution, is used for S ~ Ste and the solid lines, 
empl oyed thereafter , are used for the constant- pressure regions ~ and o. 
These curves may be used in conjunction with the equations of reference 7 
to predi ct waves generated by wall effects on an averaged basis ( thick 
boundary ) ayer ) . 
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If the method of reference 11 (thin boundary layer) is used to pre -
dict the wave generation, it is necessary to determine the vertical ve l oc-
ity Vo existing at the edge of the boundary layer. Integration of the 
cont inuity equation (eq. (B3)) f r om y ~ 0 to y ~ 0 and application 
of the boundary condition Vw ~ 0 r esults in the following expression 
for vo : 
The nondimensional parameter Vo y t is plotted as a function of £ in 
ve 
figure 36 for the expansion fan in general and for particular values of 
expansion-fan strengths £te = - 0.6, 0, and 0.5. Also shown in this 
figure is the empirical curve Vo 'if = 1. 360 ~ . This curve gives 
a very close approximation to the computed results in the fan and would 
prove to be useful in the analytical integrations required if the method 
of reference 11 were to be extended to consider the expansion fan cor-
rectly. The rapid increase in Vo as £ ~ Sd is due to the rapid 
increase in boundary-layer thickness in this region because of the pres -
ence of the hotter gas (low density) from a entrained in the boundary 
layer. 
APPROXJMATE SOLDrIONS FOR THE BOUNDARY LAYER IN A 
SHOCK TUBE USING ONLY ONE FLUID 
The complexity of the solutions to the reduced hyperbolic differential 
equations for the shock-tube flows is such that an approximate solution 
resulting in a large r eduction in effort with only a small loss in accu-
racy would be most desirable. Such an approximate solution is described 
in this section. For purposes of discussion, the previous numerical and 
graphical solutions to the differential equations will be termed "correct" 
or "exact." 
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Negative - Shock Approximation for the 
Expansion Fan and Region S 
The simplest approximation available is the replacement of the expan-
sion fan by a negative shock. This substitution was first suggested in 
reference 7 and was also used as the basls for the computations of ref-
erences 11 and 13. In figures 29 to 32, which represent conditions in 
an air-air shock tube with ~te = 0, the results obtained by the negative-
shock assumption with both consideration and neglect of the critical char-
acterist ics are plotted for comparison with the correct integral solution. 
(Similar results are obtained for other values of ~te' the discrepancy 
between the negative-shock and correct solution increasing or decreasing 
as ~te increases or decreases.) 
The skin-friction parameter T€ in the region ~ ~ ~Z* does not 
depend upon the expansion when the critical characteristic is considered 
and is hence the same for both methods; this fact is also true for ~ 
in the region ~ ~ ~w*. It is evident that the negative - shock distri-
bution is a very poor approximation to the skin friction and heat transfer 
within the fan and that qualitative agreement exists only in the region 
~ te ~ ~ ~ ~Z*· 
If it is assumed (by neglecting the critical characteristics) that 
the negative-shock solution is valid from the leading edge of the expansion 
fan all the way to the entropy discontinuity (refs. 7, 11, and 13), the 
distribution between ~Z* ~ ~ ~ ~d is shown by the heavY extensions to 
the negative-shock curves. Neglect of the critical characteristics is 
tantamount to assuming that the flow generated by a negative shock which 
originated at time t = 0 is equivalent to a flow generated by a nega-
tive shock of the same strength originating at t = _00. 
Modified Negative-Shock Approximation 
Inside expansion fan.- In view of the failure of the simple negative-
shock method to produce results that even qualitatively approximate the 
true expansion-fan results, a more refined method of approximating the 
expans i on-fan solution with the negative shock as a basis was devised and 
applied to the ent ire shock-tube boundary layer. The relation between the 
t rue fan and the negative-shock wall- shear and heat-transfer functions for 
the vanishingly weak wave has been discussed and was found to be: 
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For ~ = ~te ---7 -1: 
and 
2.000 
[~(s)J 
Fan 
~----~------------= 2.000 [\(~te~ J Negative shock 
If these relations are assumed to be valid not only in the limit 
~ ---7 -1 but also throughout the entire expansion fan, the distribution 
of T€ and ~ may be approximated as follows: At a given value of ~ 
inside the expansion fan, let the value of T€ or ~ be twice the value 
(at this ~) obtained from the negative-shock solution for a constant 
potential flow identical to that existing at ~. 
The r esults of this approximation along with the correct expansion-
fan results are plotted in figures 37 and 38 for r = 1.40 and NPr = 0.72. 
The approximation for T€ is seen to have a negligible error for ~ < 0 
and an error of only 13 percent at ~ = 0.5 (approximately the critical 
characteristic for the negative shock). The approximation for ~ diverges 
at lower values of ~,reaches an error of 20 percent at ~ = -0. 5, and 
increases thereafter. The reason for the relatively close agreement for 
T€ over a large range of ~ and the more rapid divergence of ~ lies 
in the fact that ~ is much more sensitive to the boundary-layer past 
history of varying values of Hl at the edge of the boundary layer. In 
fact, the approximate value of ~ would not become zero until after 
whereas the correct becomes zero at ~ ~ 0.5 where (r < 1) 
(r > 1). Therefore, in order to compensate for this effect, the 
approximate curve for the variation of with in the range 
-0. 5 ~ ~ ~ 0·5 is replaced by a straight line originating at the approxi-
mate value of 
A ~ at ~ = -0. 5 and passing through zero at ~ = 0.5. 
The equation for Hl* is 
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Consequently, the value of Hl* passes through a minimum at S = 0 
and becomes 0 at S = 1 irrespective of /; therefore, the linear approx-imation should be appropriate for other values of t. The possible error introduced by the linear approximation for values of Npy other than 0.72 is not predictabl e . 
In region s .- In the limit of S ~~l, the relation 
O 56 ~ 1: . 
2 fZ(ste)] L Negative shock 
for S = Ste ~ -1 was found to apply. It is now assumed that this rela-
tion is also applicable at the trailing edge of all finite expansion fans. In addition, at the trailing edge of the fan, the matching solution showed 
z· that the approximation ~~ 1. 0 was appropriate . Thus the value of Z Zj 
on the s - side of the trailing edge of the expansion fan may be closely approximated as 
~.rZ( ste)l 
2 L ~Negative shock, S 
where the negative shock is that which produces conditions of region S behind it. Figure 39 shows that this approximation compares closely with the correct values . The Z- distribution in the range ste ~ S ~ SZ is 
linear and may be computed from equation (102). The shear stress follows from equation (130) if a zero value for A is used. 
The heat- transfer parameter for Ste ~ S ~ sZ* was computed 
from equation (133a) by using the values of T€ described previously 
and values of b(Bl) from the negative-shock solution. In this respect, 
it should be noted that the value of b in the correct solution changes only slightl y in the interval Ste ~ S ~ SW* and, furthermore, the value 
of b for the corresponding negative shocks is a good approximation to the b-values in the region S for S < SW*· 
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The distribution of ~ for SZ* ~ S ~ SW* was assumed to be linear 
( correct solution was nearly linear, fig. 35) and the value of ~(sw*) 
was computed by the anchor-point method. For the interval SW* ~ S ~ Sd' 
an inspection of the correct solution shows the following: 
d" ~~ ° 
ds 
at S = SW*, 
d'" 
<4 « 
-1 
df, 
at S = Sd' and 
(~) ~ ~ (~)a 
at S = Sd . 
( d~~conseqUent(l~~)the following interpolation formula which gives = 0, = _00 , and (~)~ = (~)a at Sd was used ( the ds SW* ds Sd 
square-root term was used to make the slope a weak infinity at Sd): 
(148) 
The value of (~)a at Sd is known from the positive-shock sol ution. 
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Summary of modified solution.- The refined approximate solution for 
t he boundary l ayer in a shock tube when the same gas i s used throughout is 
outlined as f ollows: 
Inside fan : 
[9E(U] <::: 2 [rE (~te8 (-1 ;;; ~ ~ 0.5) 
Fan Negative shock, ~te=s 
[~ (UJ <::: 2[~(steU 
Fan Negative shock, he=~ (-1 ~ ~ ;;; - 0 · 5) 
Region ~: 
( a) S z( he) <::: ![Z( ste8 
2 Negative shock, Ste 
(b) Ste ~ S ~ ~Z*: The value of Z is obtained from equation (102) 
by using Ste as the base point ; 9€ is obtained from equation (130); 
and ~ is obtained from equation (133a) by using values of b and Bl 
from the negative - shock sol ution . 
(c) SZ* ~ S ~ SW*: The value of Z is obtained from equation (102) 
by using Sd as the base point ; TE is obtained from equation (130) 
(Z and 9E are al so exact val ues ); ~ is linear; and the value of qE( SW*) 
is obtained by the anchor- point method . 
(d) SW* ~ S 
for condition (c) 
equation (148). 
A ~ Sd: The values of Z and ~E 
(these are exact values) ; and ~ 
are the same as those 
is obtained from 
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The results of this approximation for the shock-tube flow are com-
pared with the correct solution for three expansion and shock strengths 
(r = 1.4 and NPr = 0.72) in figures 40 and 41. In region a the 
approximate and exact solutions are identical. The agreement between the 
approximate and exact methods is seen to be very favorable for the cases 
represented. 
This approximate method is assumed to be applicable for NPr other 
than 0.72 and the approximate wall-shear and heat-transfer distributions 
have been computed for the case where the same gas exists in both € 
and 00 with r equal to 1.4 and NPr equal to unity. The appropriate 
shock and negative-shock results were utilized and heat-transfer results 
are shown in figure 42. The skin friction is identical to that for 
Npr = 0.72 for the preceding approximation since the constant potential-
flow momentum equation is independent of NPr' However, in the exact 
A 
solution T€ depends on NPr in the fan through the pressure -gradient 
term in the momentum equation; this dependence would influence the entire 
region S ~ SZ*. This dependence is probably small and is neglected 
herein. 
APPROXIMATE SOLlJrION FOR THE BOUNDARY LAYER IN A SHOCK TUBE 
U3ING TWO DIFFERENT FLUIDS 
In order to obtain large shock-pressure ratios in constant-area 
shock tubes, it is common practice to use a gas with a high speed of 
sound as the driver gas in the high-pressure chamber. Hydrogen or helium 
are two such gases often employed . When various expansion-fan strengths 
for hydrogen or helium are matched to the appropriate values of shock 
strengths for air, the boundary-layer solutions of the resulting shock-
tube flow in the regions S < 0 or S > Sd may be determined by either 
the exact or the approximate methods described previously. 
However, the region 0 ~ S ~ Sd presents additional difficulty if 
an exact solution is to be found. This difficulty arises because the 
boundary layer in this region contains both gases which were initially 
ahead of and behind the diaphragm, the inner part of the boundary layer 
being comprised mainly of the gas that was originally in ~ and vice 
versa. The relative distribution and concentration of these gases through 
the boundary layer will depend on many factors, one of which is diffusion 
normal to the wall. Instead of attempting to solve this problem exactly, 
the approximate method described in the following paragraphs was empl oyed. 
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First, it was assumed that the wall effects of the boundary layer in 
the region 0 ~ ~ ~ ~Z* were identical to those which would have existed 
if the boundary layer contained only the gas of region ~. This descrip-
tion of the boundary layer becomes more erroneous as S increases from 
zero, since the relative concentration of the gas a will increase in 
the fnterval from S = 0 to Sd' An approximation to the magnitude of 
the errors so introduced can be obtained from the following sketch in 
which the velocity profile for A = 0 is ' assumed to represent roughly 
t he l ocus of the undiffused contact surface in the boundary layer between 
the diaphragm station and the entropy discontinuity. 
1 . 0~------------------------' 
Gas ~ 
a .5 
.17 
cr 
O~--------~----------------~ 
SZ* 
At SZ* (~~ ~ ~ 0.404), the contact 
ul 5* 
surface inside the boundary 
layer is at a value of a ~ 0 . 17; thus, for S < S Z*, most of the boundary 
layer is comprised of gas ~. 
The heat transfer and skin friction for 0 ~ s ~ sZ* can now be 
found from forward integration along the characteristics originating 
in S < 0 or by the modified negative-shock approach discussed previously. 
The next assumption was that across the contact surface the momentum 
deficiencies ~hat is, Loop ~ (1 - ~)dY) of the boundary layer were 
equal, a known fact f or the case of the same gas on both sides of the 
disc ontinuity since 8i = 8j . This as sumption appears to be reasonable 
because the velocity boundary layer in t he vicinity of the ent ropy dis-
continuity is comprised almost entirely of the gas cr. 
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Since the momentum thickness 8 
usually computed by using values of 
as well as Z 
I-lw for the gas 
93 
in region 0 is 
0, the necessary 
general conversion factors are summarized here. In this section, sub-
scripts denote the reference condition, and the conversion is based on 
the equivalence of the momentum deficiencies at any S. 
(149) 
(150) 
Equations (149) and (150) would be used, for example, for a hydrogen-
air shock tube to evaluate Z in terms of hydrogen in state € from a 
known Z in terms of air in state 00. 
A linear variation is now assumed as the simplest approximation to 
the distribution for Z€ and PwI-lw in the range sz* ~ s ~ Sd; thus 
(151) 
where 
and 
(l52) 
1-
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since Tw = T€ = Too and since the boundary-layer gas at the wall was 
assumed to be S at ~Z* and a at ~d' The shear stress may then be 
evaluated from equations (130), (151), and (152) as 
(153) 
T€(f,) p,)f,) 1-1,) f,) 
T€(f,Z*) p"'(f,z*) 1-1w(f,z*) 
For heat- transfer computations, the region ~Z* ~ ~ ~ ~d is divided 
into two areas by the line ~W*, its value having been determined from 
the value of b of the appropriate negative-shock solution. The anchor-
point method of the previous solutions is not applicable here because Z€ 
is not unchanged in the interval ~Z* ~ ~ ~ ~s when the region a is 
shrunk to zero width. However, the values of b found in the other 
solutions from the negative - shock and anchor-point methods did not differ 
greatly; therefore, the value of ~W* (which is a function of b) 
obtained by using b of the negative - shock solution should be a fair 
approximat ion. The value of ~(~W*) is then determined from equa-
tions (133a) and (153) with the use of the negative-shock values of b(Bl)' 
Again, as in the single-gas appr oximation, a linear variation is used 
for ~ in the interval ~Z* ~ ~ ~ ~W*, and the interpolation formula 
(eq . (148)) is applied in the interval ~W* ~ ~ ~ ~d' The value of the 
heat transfer at the entropy discontinuity to be used in equation (148) 
is 
(154) 
The summary of the modified solution for two different gases may be 
outlined as follows: 
(a) ~ < ~Z* or ~ > ~d: The solution is the same as the corre-
sponding solution for a singl e gas , 
(b) ~Z* ~ ~ ~ ~W*: The value of ~W* is obtained from the negative-
shock solution; the value of T€(~) is obtained from equation (153); the 
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term ~(~) is linear from q€(~z*) 
~(~W*) is obtained from T€(~W*) 
to ~(~W*); and the value of 
and equation (133a). 
(c) ~W* ~ ~ ~ ~d: The value of T€(~) is obtained from equa-
tion (153); and the value of ~(~) is obtained from equation (148). 
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Wall-shear and heat-transfer distributions were obtained when an exact 
solution was unavailable by this approximate method for two gases for 
shock-tube flows using air (y = 1.40 and Npr = 0.72) in the region 00 
and hydrogen or helium in the region E. The properties of the hydrogen 
and helium employed, the viscosity being evaluated at room temperature, 
are indicated in the following table: 
Gas y€ 
(Npr)E RE IJ.€ a€ 
-
(Npr )00 
-
Yoo Roo 1J.00 aoo 
Helium 1.190 1.000 7.236 1.082 2·935 
Hydrogen 1.000 1.000 14.365 0.485 3·790 
For the hydrogen-air combination, exact solutions are available 
for £ > ~d and for £ < 0 (Since YH = Y . ). The assumption that 2 alr 
only gas S comprised the boundary layer for 0 ~ ~ ~ ~Z* permitted 
the exact solution (y = 1.4) to be extended to ~Z* for this case. 
The approximate solution was used for ~Z* ~ ~ ~ ~d for the hydrogen-
air combination and also for 
-1 ~ £ 2- ~d for the helium-air combination. 
The results of these computations are shown in figures 43 to 46 in 
which ~te is used as a cross -plotting parameter. (Large -size working 
plots of these figures are available on request from NACA Headquarters, 
Washington, D. C.) Distributions of ~ and TE desired for a specific 
shock-pressure ratio may be obtained by interpolation from figures 43 
to 46 and by use of the data from figure 47 which gives the values of 
~te as a function of shock-pressure ratio for helium-air and hydrogen-
air shock tubes. 
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For helium, tZ* = tte when tte = 0 . 435; this value of tte cor -
responds to a shock- pressure ratio Po ~ 19 for a helium-air shock tube. 
Pro 
For hydrogen, tZ* = tte when tte = 0.508; this value corresponds to a 
shock-pressure r atio Pa - ~ 40 for a hydrogen-air shock tube . 
CONCLUDING REMARKS 
A sol ut ion to the unsteady l aminar boundary-layer f l ow i nside cen-
tered expansion waves and behind both centered expansion waves and shock 
waves has been obtained in this report . 
l. The general method for obtaining these solutions may be summarized 
as follows : 
(a) The unsteady Prandtl boundary- layer equations are reduced by 
integration normal to the surface . 
( b) The velocity and temper ature profiles are expanded in a power 
series . 
(c) The wall temperature is assumed to be constant . 
(d) The reduced equations are transformed into hyperbolic equations 
in a conical coordinate system because the free - stream flow is conical. 
(e) The reduced hyperbolic equations are solved in closed form for 
the flow behind a shock and by numerical integration for the flow inside 
or behind the expansion fan. Multiple solutions were found inside the 
expans ion fan and the correct one was selected by physical reasoning . 
(f) The integral technique is appl ied at the discontinuities existing 
at the trailing edge of the expansion fan and at a contact surface so that 
the characteristic solution may proceed across thes e discontinuities. 
2 . For the problem of the entire two-dimensional, nonstationary 
laminar boundary layer in a shock tube, the following sol utions were 
obtained: 
(a) An "exact " solution for an air- air shock tube (for a ratio of 
specific heats of l . 4 and at a Prandtl number of 0 . 72) was obtained with 
the method described in the preceding paragraph. Inside weak expansion waves 
_I 
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waves and in the flow region bounded by the shock and contact discontinuity, 
solutions al so exist to the complete Prandtl boundary- layer equations . 
The integral solution agreed extremel y well with these solutions . 
(b) Approximate solutions in closed form, employing zero-thickness 
expansion - fan results as a baSiS, for the following cases : 
Air - air shock tube ; Pr andtl number of 0 . 72 
Air - air shock tube; Prandtl number of 1.00 
Helium-air shock t ube; Prandtl number of 0.72 
Hydrogen- a ir shock tube; Prandtl number of 0.72 
The appr oximate ( or modified negative shock) and "exact" solutions 
for air- air shock tube (Prandtl number of 0 . 72) exhibited very good agree-
ment . The simple zero- width expansion- fan solutions gave very poor 
agreement . 
3. Some of the more i mportant features of the "exact" solution are : 
( a ) The existence of zones of influence limiting the extent of for-
ward integration along a characteristic . The solution of the present 
report was arbitrarily halted inside the expansion wave at the boundaries 
of one of these zones . 
(b) The existence of momentum and energy shocks or jumps inside the 
boundary l ayer . 
(c) The fact that skin friction and heat transfer inside the expansion 
wave near the leading edge was twice that for a corresponding zero-pressure -
gradient potential ( that is , Rayleigh) flow . 
4. Note should be taken of the fact that the boundary- layer char-
acterist ic system in conical coordinates derived in this paper is only 
a special case of the universal compressible - boundary-layer character-
istics system obtainable from the integrated form of the Prandtl equa-
tions . This universal boundary- layer characteristics system is applicable 
to unsteady compressible boundary layers in general and provides a powerful 
tool for the attack on the problem of wall effects in nonstationary flows . 
Langl ey Aeronautical Laboratory, 
National Advisory Committee for Aeronal~ic~, 
Langley Field, Va ., January 3n, 1957 
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APPENDIX A 
EXPRESSIONS FOR VARIOUS FUNCTIONS IN A CENTERED 
EXPANSION WAVE MOVING INTO FLUID AT REST 
The wave is asswned to have the coordi nates x = 0, t = 0 at its 
or i gin or center and t o have a l eading edge which advances into the region 
x < 0 for t > O. The Riemann invariant (see , for example, ref . 24 ) 
prescribes the relation, valid everywhere in the wave , between ~l and 
~l CiS follows : 
~l + ___ 2__ a = ___ 2__ 
)' - 1 - 1 )' - 1 (Al) 
Since a charact eristic (wave) moves with a speed equal to the alge -
braic differ ence of the speed of sound and fluid speed, a def i nite rela-
t i on exi sts between x and t a t a point dependent on the value of ~l 
and ~l at the point x ,t . 
x ( ~l ~l) a E t (A2 ) 
~ x (A3) 
aEt ~l - ~l 
A combination of equations (Al ) and (A3) results in the expressions 
for the conical form of g l and ~l : 
2 (1 + ~ ) 1!.1 )' + 1 (A4) 
1 )' - 1 ~ - -----
~l 2 )' + 1 
-----
2 
The asswnption of constant specific heat permi ts t he expression of 
enthnlpy in ter~s of speed of sound . Also, since the flow i s i sentropic, 
the pressure and density may be rel~ted t o the speed of sound . The fol -
lo~ing equivalents ~re then obtained : 
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1 + c. 
(A6) 
Hl = hi + U1
2 
= hl + ~ U 2 = _2_ (1 + )' 2- 1 ~ 2) 
H h 2C T h 2 - 1 )' + 1 
€ E PEE 
1-
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APPENDIX B 
DERIVATION OF REDUCED BOUNDARY-LAYER EQUATIONS FOR 
TWO-DJMENSIONAL UNSTEADY FLOW 
The Navier- Stokes equations under the restriction of the Prandtl 
boundary- l ayer approximation may be written as 
au au au 
- +u-+v - = at ox Oy (Bl) 
0- - (B2) 
op + ~(pu) + ~.(pv) = 0 
at Ox u;y (B3) 
(B4 ) 
Equations (Bl ) and (B2 ) are the momentum equations in the x - and 
y -directions, equation (B3 ) is the continuity equation; and equation (B4) 
is a form of the energy equation that is desirab l e when the loc a l enthalpy 
is to be a parameter of the solution . An alternate form of the energy 
equation employing the total enthalpy as a parameter is given by 
oR + u oR + v oR = .1 ~ (',l OR) + .1 ~ ~ (1 _ NPr) (OR _ u oU)ll + .1 Op 
at Ox Oy p Oy \ Oy p Oy ~pr Oy Oy J P at 
(BS) 
An immedi ate consequence of equation (B2 ) is 
p (x,y,t ) = p(x,t) = Pl(x,t ) (B6) 
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Combining equations (B6) and (Bl) evaluated in the free stream yields: 
The technique of integrating each term from y = 0 to Y = 00 
(see) for example} ref. 25 for steady- flow integral method) is then 
applied to equation (Bl). The velocity component v is eliminated 
through substitution of the continuity equation (B3 ) and the following 
boundary conditions are employed : 
At Y = 0 for all x}t 
u = v = 0 
At Y = 00 for all x}t 
u = ul (B8) 
At Y = 00 for all x}t 
em 0 
dy 
The following momentum equati on results : 
e f 00 [ u (u)~ P 2 em 1 f 00 [u (. u ) ~ P 
ex 0 LUl - u l J P € dy + ul ex 0 ul - \Ul J P € dy + 
(l eml + --L eml\ foo li( Pl _ 1) + (1 _ u ~ ~ dy + U 1 ex U 12 et I 0 L P U l~ P € 
Equation (B9) is then rewritten by substituting e and 5* into equa-
tion (B9) : 
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( 1 dul 1 dulJ ~ f 00 (Pl ) P J + - -- + - - 5* + - - 1 - dy + ul ex u 2 et 0 P PE 1 
(J?10) 
For a per fect gas with a constant specific heat) the integral term in 
equation (B10) may be evaluated as follows: 
(Bll) 
or 
(Blla) 
Substitution of (Bl l ) into (B10) yields the momentum differentia l equa -
tion with x and t as the independent vari ables : 
or 
u12 
Du -Hr*U* + - 2 (5* + e ) 
+ ~ --1 5* + ------=----
u12 Dt u 2 1 
2 
(B12 ) 
(B12a ) 
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The energy equation (R4) in terms of local enthalpy is treated in 
a similar manner; again the continuity equation is used to eliminate V 
and the following free - stream equality is substituted: 
Appropriate boundary conditions for the local enthalpy are: 
At Y = 0 for all xJt 
At Y 00 for all xJt 
At Y 00 for all xJt 
dh - 0 2Jy-
(B13 ) 
The resulting equation for a perfect gas of constant specific heat is 
(B14 ) 
The last term on the right - hand side of equation (B14)) which repre -
sents the viscous dissipation) may be manipulated in the following manner. 
First) the Chapman-Rubes in relation (ref. 18) between viscosity and 
temperature 
,-
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(B15 ) 
(
T )1/2 T + S Cw = ~ _ l=--_ 
Tl Tw + S 
is combined with the gas law and e~uation (B6 ) to give 
(B16 ) 
a relation valid across the boundary layer at arbitrary x and t . 
Also since 
and 
(B18) 
(B19) 
Therefor e, 
(B20) 
since for ex, ~ 1.0. Equation (B14) is now rewritten to give 
the energy e~uation in tenns of the local enthalpy with independent 
variab les x 2nd t : 
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(B2l) 
Similar integrations are performed with equation (B5) by utilizing 
the following boundary conditions on total enthalpy: 
At Y = 0 for all x,t 
At y = 00 for all x,t 
At y 00 for all x,t 
H = Rw 
2m - 0 Cy -
The following equations, which are the total enthalpy forms of the energy 
equation and are equivalent to equations (B14) and (B2l) result: 
d u 
[ 00 ~ dX. 0 ul 1 
(B22) 
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1 det 
+ - -- = 
u l dt 
(B23 ) 
The r educed par t i a l d i f f er enti al equations in final f orm f or x 
and t as independent v ari ab l es ar e : 
(B24a ) 
(B24b ) 
~-----
NACA TN 3944 
1 
--
5* 0 
- - + {:). 1jr 
107 
1 5* CB + ---= 
ul 8 dt 
(B25a) 
(B25b) 
Equat ions (B24 ) a re for u l) hi) 8) and ¢ as primary dependent 
v ari ab les wherea s equations (B25) are for ul) Hi) 8) and 1jr as 
p rimary dependent v ariables . 
J 
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APPENDIX C 
TRANSFORMATION OF REDUCED DIFFERENTIAL EQUATIONS 
TO CONICAL COORDINATE SYSTEM 
The differential e~uations obtained in appendix B ar e to be trans -
formed from the x , y , t system to a conical coordinate system ~, y , t where 
(Cl) 
y = y 
t = t 
This transformation is ar b i trarily restricted to conical firee - stream 
flows ( that is, all free - str eam ~uantities are functions of ~ alone ) 
to reduce the complexity of the e~uations while still r~taining the 
features that are necessary for app lication to f l ows generated by shock 
waves and centered expansion waves. 
and 
The following derivatives ar e e~uivalent : 
(...2.-) = (...2.-) + (~) (25.) = (~) _ ~ (~) dt x dt ~ d ~ t dt x dt ~ t d~ t 
I n par ticular , fo r any free - stream function fl (x,t ) 
( df l ) dX t 
(
df l \ 
dt 1 x 
) 1 dfl (ul - ~ - -
- t d ~ 
(C2) 
(C3) 
(c4 ) 
(c6) 
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I t should be noted that hl* is not a free - stream function for 
hw = hw (~, t ); thus the derivatives of hl* become 
dhw ~ dhw ~ dhl 
-- + -----
dt t d~ t d ~ 
Similar equations are applicable for Hl* . 
Application of these equations to equation (B24a) results in the 
following relations : 
2B + 1£ dUl + ~(Ul _ ~) dUl(5* _ hi * 1. \1* ~) + aE t d ~ d~ L~l d~ U12 - d~ \ 8 hi b 'V 8 ul dt 
aEt 5* 2B _ aE~ 5* 2B = vw (pw) 2(d ~i\ ~ aEt 
ul 8 dt ul 8 d~ ul PE Cla. ) w 6. 8 
or 
(C8) 
I n anticipation of a Pohlhausen power series for the velocity profile, 
let 5* = f (A) . Derivatives of 5* may then be expressed as derivatives 
8 8 
of A o.s follows : 
(05e) 
dt ~ 
_ d ~* (01\) 
dA dt ~ 
(0 5e~ 
d~ t 
(C10) 
_ d 5e* ~OA) 
- dA d~ t 
J 
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Equations ( C9 ) and ( C10 ) are combined to give 
(Cll) 
Substitution of equations (Cl) to ( C7 ) into equation (B24b ) results 
in the fo l lowing equati on : 
I n anticipati on of a power - series r epr esentation of the local 
enthalpy ) the r estricti on is introduced that ~ = ~(A )r)b ). The fol-
l owing equations which are par allel to equations (C10) expr ess the 
derivatives of ~: 
(C13 ) 
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The combination of equations ( C12 ) and (C13 ) gives 
In a similar manner , the conical partial differen~ial equations 
in terms of e and 1jr may be obtained from equa'tions (B25) as 
111 
(c14 ) 
(C15) 
(C16) 
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APPENDIX D 
DERIVATION OF VELOCITY AND ENTHALPY BOUNDARY-LAYER 
POWER- SERIES COEFFICIENrS , FORM PARAMETERS , 
AND DISSIPATION FUNCTIONS 
POWER- SERIES COEFFICIENTS 
The coefficients for the velocity- profile power seri es may be 
expressed in terms of A2 (coefficient of ~2 ) and the h i ghest order 
f r ee - stream derivat ive . The values of An are found by solving simul-
taneouslyequations (11 ) to (15 ) or (17) to (21 ) pr escribing the boundary 
conditions on the profile together with the profil e equation itself 
(eq. 8) . This procedure yields : 
For the five - term series 
A4 
For t he six- t erm series 
Al 
A3 
u 
Ul : 
1 + 
...!L . 
ul 
_ 5 
- 2" -
- 5 -
(Dla) 
(Dlb ) 
1 
+ 1(~)" "3 A2 3 ul 
~=l 
(Dlc ) 
'" 1 
- ~(~l) 4" A2 
~l 
(D2a) 
3 + 1 (U ) '" 2" A2 
'4 Ul ~l (D2b) 
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(D2c) 
(D2d) 
A prime over a symbol represents differentiation with respect to the 
argument of the function in question . 
Local and stagnat ion enthalpy coeffi cients are obtained simply by 
r eplacing An in the preceding equations by Bn and Cn ) respectively. 
This substitution is permissible because the series expressions for local 
and stagnat ion enthalpy and the appropriate stream boundary conditions 
are identical in form to the corresponding velocity functions and boundary 
conditions . 
VEIDCITY FORM PARAMETERS 
The displacement and momentum thicknesses are defined ) respectively) 
by 
After transformation to the incompressible normal coordinate ~ 
the use of equation (5) and int r oduct ion of the r equir ement that 
for ~ ~ 1 ) the relations (D3 ) become 
or 
1 
e = 6. 1 ~ (1 - ..£.) d~ 
o Ul Ul 
or 
(D3 ) 
through 
~ = 1 
ul 
(D4) 
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Evaluation of these funct i ons then r equires subst i tution of the correct 
vel ocity- pr ofile coeff i c i ents into the general relation for ~ (eq . (8)) 
ul 
and substituting the latter i nto equation (D4 ). Results of this calcula-
t ion for the five - and s i x- term veloc i ty profiles ar e : 
For the five - term series ~. u • 1 
" 
8 3L " ~ _ 5"(di)a.=1 
6 = 315 - 945 - 9, 072 9, 072 
For the s ix- term series ~. 
ul 
5* 1 ..!:.... + 
£;: == 4" - 240 
" 
37 (U ) 
3, 780 ul a,:::: l 
(UU \ '" 
l)a,::::l 
240 
(D5a) 
19 fr U ) " l2 
22, 680 ~ u l a,::::~ 
(D5b) 
(D6a) 
e 
6 
0 .10101 - 0 .00063131" - 0 .000031566,,2 + 0 . 0000526,,(;: ) '" + ~ 1 a,::::l 
It , " ", ]2 0.0016835(:1)a,::::1 - 0 . 0000260 ~u:)~=l (D6b) 
The definition of ,, = - 2A2 has been utilized in these equations . 
LOCAL ENTHALPY FORM PARAMETERS 
'r he quant i ty 'iJ* is defined as 
(D7) 
_I 
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After transformation to the incompressible normal coordinate ~ through 
the use of equation (6) and introduction of the boundary condition 1 
for ~ ~ 1, the expression becomes 
or (D8) 
The profile function of 0 (eq. (9)) and the coefficients appropri ate 
to the term of the profile series are substituted into equation (D8) and 
\/* the following expressions for result: 
V 
For the five-term series 
For the six- term series 
h* . 
h * ' 1 
h* 
h *: 
1 
V; ~ + ~O r + 2~O (* ~ .;) ~'~l 
The coefficient B2 has been replaced by its equivalent r. 
(D9) 
(DIO) 
Next to be considered is the quant ity ¢ which is defined by the 
relation 
(Dll) 
The local enthalpy boundary condition that h* 
hl* 
1 for o ;: 1 must be 
applied in conjunction with the velocity boundary condition := 1 for 
~ ~ 1. It is apparent that the relative thickness of the velocity and 
thermal boundary layers must be considered in order to evaluate the 
integral . For the case where the enthalpy thickness is equal to or 
greater than the velocity thickness, bh >: bU ) the integral (Dll) becomes : 
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When thi s equation i s transformed to the ~-plane, it becomes 
(D12) 
The limit ~(5u) i s evaluated from the relations (5) and (6) , and the 
following equation resul ts : 
(D13) 
The quant i ty b b ~ 1. 
When the vel ocity thickness is considered to be equal to or greater 
than the enthalpy thi ckness (b ~ 1 ) , the integral (Dll) can be written as 
and i s dir ectly r educed to 
~ = 11 ~ (1 - ~) d~ 
V 0 Ul\ hl * 
since (1 - h* \ = 0 f or ~ ~ 1. 
hl *) 
Thus , the i ntegral r elations for g are dependent on whether the 
quantity b i s l ess than or gr eater than unity . These integrals may 
be written 
for b.s; 1: 
¢ lb u ( h* .) 11 ( h* ~ V = - 1 - - d[3 + 1 - - d~ 
o Ul hl* b hl* 
(D14a) 
and for b ~ 1 : 
(D14b) 
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Application of the five- and six-term profile functions of ~ 
u1 
and ~* * to equations (D14) yields 
1 
For b ~ 1, five-term series: 
117 
rt = .l.. _ l... b + ~ b 2 _ .2.. b4 + -2:.... b5 + ,,~ _ b2 + b4 _ b5 ) + 
V 10 10 15 140 180 \i20 180 840 3,024 
(D15a) 
For b ~ 1, five-term series : 
¢ 2 1 3 1 1 1 (1 1 1 1 3 1 1 1) 
V = 15 b - 140 b3 + 180 0 + " 90 b - 84 b2 + 560 b3 - 1,080 b4 + 
A(h*)" ( 1 1 + 1 1 1 1 + 1 1 ) + 
hl * 13=1 - 540 b 336 b2 - 560 b3 2,592 b4 
( h*)" ( 1 1 1 1 1 1) f.U)" (1 1 3 1 1 1) hl* 13=1 -45b+ 140 b3 - 432 b4 +\U1 0.=1 ~ b - 56o b3 + 540 b4 + 
( U)" (h*)" ( 1 1 1 1 1 1 ) [1 1 1 1 u1 0.=1 h1* 13=1 - 540 b + 560 b3 - 1,296 b4 + r~ b - 420 b3 + 
1 1 + (U)" ( 1 1 1 1 + 1 1 ) ,,(. 1 1 1 1 
1,512 b4 u1 0.=1 1,080 b - 1,680 b3 4,536 b4 + \1,080 b - 840 b2 + 
1 1 1 1)~ 
1,680 b3 - 9,072 0 J (D15b) 
r-
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For b ~ 1, six- term series: 
( U) '" (_ 240 + 0 . 0039682b2 - 0 . 0019841b4 + 0 . 001l574b5 - 0 . 0002164b6) + U10.=1 
(~*1*) '" ( 2[0 - 0 . 0019841b2 + 0.0014881b4 - 0 .0009259b5 + 0 • 000 1804b6 ) + 
(3=1 
"~I '" (~ ) (~**) ( -0 . 000066136b2 + 0 .000099206b4 - 0.000077161b5 + 1 a=1 1 (3=1 
Oo0000812b6) + A(R* ~) ,II (0 .00004960b2 - 0 .00oo4961b4 + 0.00003307b5 _ 
1 (3==1 
0 .00000677b6) + r [i~O - 0 . 0119048b2 + 0 .0148809b3 - 0 .0089286b4 + 
'" ( 0 . 0027777b5 - 0 . 0003608b6 + (:) - 0 . 0003968b2 + 0 .0007440b3 -
1 0.=1 
0 .0005952b4 + 0 . 0002315b5 - 0 . OO00361b6) + A(0 . 0002976b2 - 0 .0004464b3 + 
0 .0002976b4 - 0 . 0000992b5 + 0 .0000136b6)] (D16a ) 
. ' 
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For b ~ 1, six-term series: 
¢ 4 1 6 1 1 644 1 
- = 0.1190 77 - - 0.0297 19 ~ + 0.0138889 -r. - 0.0021 --5 + 
V b b/ b~ b 
( )
'fI ( 1 1 1 1) ~1 .-0.0019841 D + 0.0014881 b) - 0.0009259 b4 + 0.0001804 b5 + 
OFl 
(~*~)'tr (0.0039682 ~ _ 0.0019841 ~ + 0.001l574 14 - 0.0002164 ~5-\ + 1 ~=1 b b b Y 
(~) ,,, (h* *) n, (_ 0.000066136 1. + o. on0099206 .1... _ 0.000077161 1 + Ul OFl hi 13=1 b . b3 b4 
0.00001804 15) + ,,(0.0059524 1. - 0.0074404 12 + 0.0044643 l:.. -
b \ b b b3 
) 
tI' ( 0.0013889 ~ + 0.0001804 + + ,,(h**) 0.00019841 1 - 0.00037202 12 + 
b 05 hi ~=1 b b 
0.00029762 II _ 0.00011574 ~ + 0 .00001803 ~) + r[0.0059523 1 _ 
b3 b b5 b 
,~, ( 
o. 0019842 ~ + 0.0009920 \ - 0 .0001623 .1... + (:t) - 0.0000992 ~ + 
b3 b b5 lOFl 
0.0000992 II - 0.0000661 ~ + 0.0000135 15) + ,, (0.0002976 ~ -
b 3 b 4 b \ 
0.0004464 ~ + 0.0002976 .1... - 0.0000992 ~ + 0.0000136 15\J 
b2 b3 b b ) 
(D16b) 
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TOTAL ENTHALPY FORM PARAMETERS 
The quantities 0 * and 1jr a re defined, respectively, as 
(D17a) 
(Dl7b) 
These definitions are transformed to the w- plane through use of equa-
tion (7). Because of t he similarity between corresponding relations for 
the total enthalpy and local enthalpy, the equations for 0*/0 and 1jr /0 
are identical to those for the local enthalpy thickness equations (D9), 
(DI O) , (D15) , and (D16 ) when 1jr , 0*, 0, c, and n are substituted 
for ~, V*, V, b , and r, respectively, and the stream boundary con-
ti II 
ditions --- and --- are r eplaced by --- and ( h* ~ ( h* ) "' (H* 9 (H* 9 "' hl* ~=l hl* ~=l Hl* w=l Hl* w=l· 
DISSIPATION FUNCTION 
The dissipation function ~ is defined in appendix B and is given 
by 
For the five - and six- term profiles , this integral is evaluated as: 
For the five-term series u. ul· 
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For the six- term series U . 
ul · 
<II = Ul
2 Pw~w {25 + 2-A 
p 2 6 l4 l 68 
E 
l2l 
_ 397 A (...lL)" + 
l,260 ul a=l 
(Dl8) 
(Dl9) 
1-
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APPENDI X E 
DERIVATI ON OF COMPLETE BOUNDARY- LAYER EQUATI ONS 
FOR TWO-DI MENSI ONAL UNSTEADY FLOW 
The Prandtl boundary-layer equations (e qs. (Bl) to (B4)) may be 
rewritten wi th the a i d of e quati on (B6) in slightly different form a s 
(El) 
d P + d ( pu) + d ( pv) 
dt dX dy 
o (E2) 
The "incompressible" normal ordinate Y is now introduced together 
~Ni th a stream function if which satisfies the equation of continuity 
(eq. (E2)) . (A simil a r procedure wa s used in ref . 23.) 
Jy 1 Y = -- p(x ,y,t) dy o PE (E4) 
PE [(o¥) ( ~ r y p ) ] 
v = - P dX y) t + ~t J 0 PE dy x,y 
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The relationships of the partial derivatives in the x,y,t system 
to those in the x,Y,t system are: 
The stream function is then defined by 
u = (oW) 
oY t x, 
(E6) 
Transforming the e quations of motion (eqs. (El) and (E3)) to 
x,Y,t coordinates with the aid of the preceding equations, employing 
the Chapman-Rubesin viscosity-temperat ure relation (appendix B), and 
considering the Prandtl number and specific hea t to be constant results 
in the following e quations: 
oh + oW oh _ oil oh _ 
ot oY ox ox oY 
l(OPl + oW OP1) + P11J.1 Cwr~ 02h + (02W)~ 
P ot oY oX PE2 lI~pr a~ o~ J 
(E7b) 
----- - ---~ 
L 
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The boundary conditions to be satisfied are then 
~(x , o , t) ° 
(dilf) - ° dY y=o 
(E8) 
h(x, O,t) 
h(x,oo,t ) 
For the ca se of either the shock wave or the r arefaction wave 
propagating into a ir a t rest in a uniform channel, the free-stream 
quantities become functions only of the parameter ~ = xt • The equa-a E 
tions of motion may be written in similarity form by using this conica l 
parameter . After introduction of the identities : 
h hEg(~'11) 
~ = x (E9) 
aEt 
Y 
11 --
J VEt 
t t 
-I 
I 
I 
I 
I 
\ 
I 
I 
I 
I 
~ 
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the transformation equations from the x,Y,t coordinate system to the 
~ ,~, t coordinate system are 
(E10) 
Equations (E7a) and (E7b) are then transformed to the ~,~,t coor -
dinate system by using equations (E9) and (E10), the equation of state, 
p = r - 1 ph, and so for th; the following equations result 
r 
(E12) 
_____ 1 
126 
with the boundary conditions 
f(~,O) = 0 
( df) = 0 
dT) '11=0 
( df) = u1 = u (~) d a - 1 
'11 T)~ oo E 
hw g(~,O) = ~ = ~ 
E 
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- I 
I 
- I 
. I 
I 
- I 
. I 
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APPENDIX F 
DERIVATION OF INTEGRAL REIATIONSHJJ>S AT A DISCONTINUITY 
IN THE OUTER FREE- STREAM FIDW 
In the outer invis ci d flow, consider an ar bitrary discontinuity 
which moves with a velocity V* relative to the wall. The mass flux 
through this discontinuit y in an arbitrary distance L normal to the 
wall) L» 0) may be expr essed in a coordinate system moving with a 
velocity V* as 
(Fl) 
The velocity relative to the discontinuity is ~* = ~ - ~* and the 
bars denote nondimens i onalization by the reference density and velocity 
( PEaE)· E~uation (Fl) may be evaluated by substitution and use of the 
definitions of 0* and V* to give 
(F2) 
The momentum flux may likewise be expressed as 
(F3 ) 
(F4 ) 
I n a similar manner the energy flux into the discontinuity may be 
evaluated as 
u*2 
1 JL h+ 2 (Energy flux) ( PEaE3) - = 0 e~* dy 
a 2 
E 
128 
where 
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h * 
- ..l ul~ + 2 -aE 
2. u12V"*B + ~l r3V* (Ul - v*) 2- - 2l- - - 2h~ - -- 0* + a 2 
P ~+ 
-1 2 f L [h o aE 
E 
( )j u - V* 
-1 - (u - V*\ dy 2 -1 - J (F6) 
If the discontinuity is assumed to have zero thickness and to contain 
no sources or sinks) the entering flux must e~ual that leaving since heat 
transfer and wall shear have zero length in which to influence the flow . 
If the conditions on opposite sides of the discontinuity are denoted as 
states i and j) the following e~ualities must apply : 
Me.8s : 
U · 1 - - __ l__ 9 · * - 0· * ~( V*) h·* j l ui hi l l 
Momentum: 
u· 1 - - _ J_ 9 .* - 0.* + ~( V*) h ·* J J Uj hj J J 
fp .u . (1 -V*) - p. u . (1 _ V*~ L (F8 ) L J J u j l l Ui~ 
_ 2V*) 0 .* _ 
Uj J 
-- +~ -V*)2 p. J 
Uj p .u .2 
J J 
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Energy: 
3 { h · * ~ v* l~-z,V* ~ v*) 2h~ h· * ~ . 1 ( V*) J U · _ l_ ¢i - L _ 8· __ 1 _ _ _ _ l 5 . * __ l __ l _ + - 1 - - \1. * + 
l Ui 2 2 ui l 2 ui ui ui2 l hi ui2 2 ui l 
1 ~1'} = u.3 {~ ¢. - 3. ~ 8. _ k~3Y!..(l _ V*) - ~~5'* -2 l J U 2 J 2 u · J 2 u· u· U 2 J j J J J j 
h .* h · 1 v* 3 1 
- J } ~I~ + -(1 --) \1.* + - 6.1. hj ~j2 2 Uj J 2 J J { 3 ( V*) lh . 1 ( V*) J - p .u . 1 - -. ~ + - 1 - -. -J J uJ u .2 2 uJ J 
3 ( V*) ~hi 1 ~ V~ J } p · u· 1 - - -- + - 1 - - L l l U. 2 2 U· 
l ui 
(FlO) 
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Figure 1 .- Sketches showing various regions and waves existing in a 
constant-area shock tube before and after diaphragm destruction . 
Circled symbols indicate regions. 
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Figure 46.- Approximate distribution of heat-transfer parameter in a 
hydrogen- air shock tube. 
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